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Abstract

Let K be a non-Archimedean local field with ring of integers Ok and residue field
k. In this master thesis, after introducing the necessary concepts, Lubin-Tate
spaces of arbitrary level associated to a formal 1-dimensional Og-module over k of
height h < oo are defined and proven to be representable, as in [Dri74]. Together
they form the Lubin-Tate tower and we show, & la [Weil0], how we can make sense
of this tower as the “infinite level Lubin-Tate space”.

Throughout the text many details will be given, which are not always found in the
literature.
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Introduction

Let K be a non-Archimedean local field, with ring of integers O, uniformizer ,
and residue field k of characteristic p and cardinality q.

This is a (master) thesis about Lubin-Tate spaces, which means a great part

of it is spent treating formal groups and their generalization: formal Ox-modules.
Formal groups (over a ring R) can be thought of as “groups without elements”
for they only come with a formal power series S(X,Y) (with coefficients in R)
that should be thought of as the sum of X and Y, and as such satisfies standard
group axioms like associativity S(S(X,Y), Z) = S(X,S(Y, Z)). This power series
is called a formal group law and should be thought of as a rule of how one ought
to add elements, if there were elements... A more highbrow explanation is that
formal groups (over R) are certain group objects in the category of formal schemes
over R.
Formal Ok-modules (over an Og-algebra R) are similar, but now there are also
power series [a](X) for every a € Ok expressing scalar multiplication and satisy-
ing some conditions. They can be seen as Ox-module objects in the category of
formal schemes over R.

In one of the simplest cases, when K = Q,, the (level 0) Lubin-Tate space is
an affine formal scheme over Z, parametrizing lifts — usually called deformations
— of a certain formal group F(X,Y) defined over F,. For example, its Z,-points
are (isomorphism classes of) deformations F(X,Y) of F(X,Y) over Z,. That is,
F(X,Y) is a formal group law with coefficients in Z, that reduces to F(X,Y)
modulo p.

Lubin and Tate were the first to study this situation |[LT66] and from their work
one sees that the space equals the formal spectrum

Sprp[[Xl, e 7Xh—1]]7

where h is the height of F, an important invariant which says that the scalar
multiplication by p power series [p|(X) of F is of the form

[p](X) = unit - X?" + higher order terms.

In fact, the isomorphism class of a lift F(X,Y) of F(X,Y) turns out to only de-
pend on the coefficients of X7, X?*, ..., X?"™" in the corresponding lift of [p](X).
This insight is key in computing the Lubin-Tate space.

Drinfeld generalized the work of Lubin and Tate to the general case of formal
Og-modules in [Dri74]. In this case, the (level 0) Lubin-Tate space is an affine



formal Og-scheme parametrizing the isomorphism classes of deformations of a
height h formal Ox-module F' defined over k£ and is isomorphic to

SpfOK[[Xl, ce ;Xh—l]]'

In this case, height & means that the scalar multiplication by the uniformizer 7 in
the formal Ox-module F' looks like

[7](X) = unit - X 4"t higher order terms.

Again, it is the case that the class of a lift only depends on the coefficients
X9, X9, .. X7 of the corresponding lift of [7](X). Ones interest in [x](X)
goes even further, as we will soon see.

This Lubin-Tate space is usually denoted by Mg or Mz . This stresses that it
is the zeroth level. The other levels were defined by Drinfeld in the same paper
as mentioned before: the n-th level Lubin-Tate space M, is the affine formal
Og-scheme parametrizing classes of lifts F of F' together with a Drinfeld level 7"
structure on F' — this is a structure on the n"-torsion parts of the lift F', which is
of a slightly technical nature.

It turns out that there are natural morphisms

Mn+1 — Mn
for every n > 0. This gives us the Lubin-Tate tower:
"'—>M3—>M2—>M1—>M0.

The aim of this thesis is to prove all of the above and show that the Lubin-Tate
tower “as a whole” is of a perfectoid nature, in some sense.

Why study Lubin-Tate spaces?

Let us now briefly explain why this might be interesting. For this, we first go back
to the specific case of K = QQ, and & = 1. Then the 0-th level Lubin-Tate space
Spf Z,, could not be more boring. It being a point expresses the fact that there
is, up to isomorphism, only one deformation of the height 1 formal group F. An
example of a possible deformation F' that might occur (if F is compatibly chosen
as its reduction modulo p) is one whose p™-scalar multiplication power series look
like
PR(X) = (X +1)" — 1.

(Check that the reduction modulo p of p-(X) is XP, so that F is indeed of height
1.)
The formal scheme M, parametrizing the (class of the) lift together with some
structure on its p"-torsion, turn out to be actually only parametrizing the roots of
pk. That is,

Mn == Spf OKTL,

where K, is the field obtained from Q, by adding all roots of p(X) = (X +1)7" —1.
Thus, writing (,» for a primitive p"-th root of unity, the level n Lubin-Tate space
is nothing else than

Spt Z,, [Cp”]~
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On the level of rings, the associated Lubin-Tate tower becomes
Ly — Zp[(p] - ZP[CPQ] =

So “considering it as a whole” it is Z,[(y~], the ring of integers of Q,((y). The
reader familiar with the (local) Kronecker-Weber theorem will recognize that the
maximal abelian extension of Q, decomposes into the maximal unramfied exten-
sion Q™ and the field just constructed, that is

Q) = Q&) Q™

On each Q,((,») there is an action of the automorphism group of F, which is O,
that leaves Q, fixed and in fact, this action identifies GalQ,((y)/ Q, with the
quotient Z; /(1 + p" Z,). These and other insights about this Lubin-Tate tower
lead to proves of local class field theory. Using a height 1 formal Og-module F
over k, the can be done for arbitrary K and this was discovered by Lubin and
Tate [LT65], whence it is often referred to as the Lubin-Tate approach to local
class field theory.

Now, as we have explained before, this Lubin-Tate tower can also be defined for
F of height not 1 (to be precise: the height may also not be infinite). One might
wonder if this setting in some way generalizes local class field theory. It actually
does, in what is generally seen as the generalization of local class field theory: the
local Langlands program. Let us be a bit more precise. In general, the Lubin-Tate
tower admits an action of

GLi(K) x D™ x Wk,

where D* are the units of the central division algebra of invariant 1/h over K
and Wx C Gal(K/K) is the Weil group of K. It turns out that using these
actions, the f-adic étale cohomology of the Lubin-Tate tower “realizes the Jacquet-
Langlands correspondence (between GL,(K) and D*) and the local Langlands
correspondence (between GLj,(K) and Wyg)” ([Weil0]). In the case h = 1 this
is local class field theory. See the introduction of [Weil(] for some details and
especially references.

We want to stress to the reader that this thesis does not discuss the local Langlands
program or even local class field theory! We merely mention it as an advertisement
of what can be studied after reading this text.

In the spirit of advertising, we would finally like to mention one more thing: we only
mentioned the correspondences realized via the f-adic (where we understood: ¢ #
p). Indeed, the p-adic case is still mysterious and the local Langlands and Jacquet-
Langlands correspondences have not been established in these cases. Whatever the
reason for this is, a relatively recent paper of Scholze [Sch15] he defines functors
that are both candidates for the p-adic local Langlands correspondence and for
the p-adic Jacquet-Langlands correspondence (when K is a p-adic field). This
construction depends on the p-adic cohomology of, again, the Lubin-Tate tower
with its action of the triple product group as described above.

In order to see whether Scholze’s candidate functors do the job, they need to be
studied in more detail. With this we hope to provide more motivation for the
study of Lubin-Tate towers, as it shows that they are still very relevant in modern
research. Finally, let us note that Scholze’s construction crucially depends on the
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insight that the (adic generic geometric fibre of the) Lubin-Tate tower “at the
infinite level” can be seen as a perfectoid space, thereby pointing out the relevance
of the last part of this thesis. However, we want to stress that, here, we will not go
heavily into the theory of perfectoid spaces. Still, we will do all the computations
necessary for someone acquainted with perfectoid spaces to hopefully conclude
about the perfectoid nature of the Lubin-Tate tower.

This thesis

Finally, a few details about the approach of this thesis. This thesis only considers
formal Og-modules, it does not consider p-divisible groups as is often done in the
literature (when K has characteristic 0). As a result most arguments in this thesis
are of a more computational nature.

Let us explain chapter by chapter what we do.

In Chapter [1] we define (1-dimensional) formal Og-modules and the basic objects
one can define on them, such as: its Lie algebra, its module of invariant differ-
entials, and (in some cases) its logarithm. We also construct “Lazard’s ring”,
parametrizing all 1-dimensinal formal Ox-module laws, and prove it is equal to a
polynomial ring.

In Chapter [2] we compute the level 0 Lubin-Tate space. This will be done after
developing some deformation theory. For example, we will prove a simple version
of Schlessinger’s deformation criterion from [Sch68|. It is only in this chapter that
we introduce the concept of height. The final two sections, and are not
necessary for the rest of this text, but serve to explore some constructions related
to Lubin-Tate space. Specifically, Section discussed “Og-typical coordinates”
and Section discusses (very roughly) the Gross-Hopkins period morphism.

In the last Chapter [3, the higher level Lubin-Tate spaces are defined. Then, we
heavily rely on [Weil0] to show the perfectoid nature (in some sense) of the Lubin-
Tate space “at infinite level”. We should warn the reader: in our attempt to
present the proof of [WeilO|[Thm. 2.7.3] we did not understand a certain claim
made by Weinstein. This leads to an unproven claim ([3.5.20)) which we feel forced
to rely on to finish the “proof”. As a consequence, the final proof of this thesis is
not complete.

Acknowledgments: finally, before going on with mathematics, let me thank
my advisor, Benjamin Schraen. He suggested this subject for my “memoire” and
agreed to supervise it. Throughout this process, he has been available for help and
he has shown great patience. For this, I want to thank him.

Conventions: before the reader starts, let us set a few conventions. As in the
beginning of the introduction, K will always be “a non-Archimedean local field,
with ring of integers Ok, uniformizer 7, and residue field k of characteristic p and
cardinality ¢.” This will be the case throughout this whole thesis. Most of our
other conventions are conventions generally held by the mathematical community;,
such as what is meant by Z (integers) or Z, (p-adic integers). We consider rings
always to be commutative with 1. Whenever something is still ambiguous, we
hope the context will clarify things.



Chapter 1

Formal Op-modules

1.1 Formal group laws

Formal group laws in nature

At first sight formal group laws might seem a bit artificial, but they actually occur
quite naturally. Let us illustrate this by an example from differential geometry.
If G is an n-dimensional Lie group (i.e. a smooth n-dimensional manifold with a
smooth multiplication map m: G x G — G making it into a group), then in local
coordinates around the identity element e, the multiplication is a map

R" x R" — R".

We can Taylor expand this map around the origin (corresponding to e) to obtain
the following description:

(X Y)=(Xy,.... Xp Y1, V) = (RXY),.. . F(X YY) = F(X,Y),

where the F;(X,Y)) are power series in the variables Xq,..., X,,,Y1,...,Y,.
Using the fact that G is a Lie group and that we Taylored around the identity, we
find for every ¢ that

Fi(X,)Y) = X; 4+ Y, + higher order terms. (1.1)

Letting ¢«(X) = (11(X),..., (X)) be the Taylor expansion of the inverse G —
G,r — 27!, we obtain a power series satisfying

F(X, (X)) =0=F((X), X). (1.2)

Moreover, the associativity of G translates to F(F(X,Y),Z) = F(X,F(Y, Z)).

)=

Viewing F(X,Y) as a formal power series, we have obtained an “n-dimensional
formal group law over R”, which is to say, a formal power series with coefficients
in R describing the multiplication of a group (locally around the identity).

Formal group laws in general

Abstracting the properties of the formal power series F' we can give a general
definition of formal group laws, over general rings R. As we are only interested
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in commutative formal group laws in this thesis, we also add a commutativity
condition']
Definition 1.1.1. A (commutative) n-dimensional formal group law over R is
an n-tuple F(X,)Y) = (FI(X,Y),...,F.(X,Y)) of formal power series in 2n-
variables F;(X,Y) € R[X, Y] = R[ Xy, ..., X,,, Y1, ..., Y,] satisfying the following
conditions

o FI(X,0)=X=F(0,X) (neutral element)

o F(X,F(Y.2)) = F(F(X.Y),Z) (associativity)

e FIX)Y)=F(Y,X) (commutativity).

From these three axioms it follows that the F; have the form of [1.1] and that
there is a unique +(X) € R[X] satisfying [.2]
To simplify notation (and to stress the analogy with groups) we will often write

X+rY

instead of F(X,Y). Similarly, we might write —pX = ¢(X) or X —p Y =

Two important examples are the following.
Example 1.1.2. The (1-dimensional) additive formal group law G,(X,Y) over
R is given by
G (X,)Y)=X+Y.
The n-dimensional additive formal group law GI' over R is given by
GZ(&)X) :X—FX: (Xl +Y17 .. aXTL +Yn)
Example 1.1.3. The multiplicative formal group law G,,(X,Y) is given by
Gn(X,Y) =X4+Y+ XY =(X+1)(Y+1) -1

Contrary to what one might naively expect, the formula is not simply XY : remem-
ber that the multiplication should be centered around the identity element (if we
Taylor the multiplication R* x R* — R* around 1, this formula is indeed what we

get).
Finally, we can define morphisms. They are exactly what you would expect,
and what you would indeed obtain by Tayloring a morphism of Lie groups.

Definition 1.1.4. Let F and G be formal group laws over R of dimensions n and
m respectively. Then a morphism f: F'— G from F to G is an m-tuple of formal
power series in n-variables without constant terms f(X) = (f1(X),..., fm(X))
transforming the addition defined by F' into the addition defined by G:

fX+rY) = f(X) ¢ f(Y).

The composition of two morphisms f(X) and g(Y) is defined to be the (tuple of)
power series g(f(X)) and this way we obtain the category of (commutative, finite
dimensional) formal group laws over R.

An isomorphism of formal group laws is then simply an isomorphism in this cat-
egory (this is a morphism which is an invertible formal power series).

"When R is reduced, every 1-dimensional formal group law over R is commutative |Laz55,
Théoréme I]. Being primarily interested in 1-dimensional ones, we are thus not being very
restrictive.



Formal groups

Just as another choice of coordinates on the Lie group results in a different Taylor
expansion of the multiplication, it is possible that two formal group laws “come
from the same group” (i.e. they are isomorphic). The concept of formal group will
provide us with a coordinate free perspective.

Let us start with the observation that if F'is an n-dimensional formal group law
over R and A a complete, adic R-algebra (i.e. a complete topological R-algebra
whose topology is the I-adic one for some ideal I of AE[), then the set of continuous
morphisms of topological R-algebras

Spf(R[X])(A) = Home(R[X1,. .., X.], A),

where R[X] has the (X)-adic topology, has a natural group structure given by
F': a continuous morphism f is naturally identified with an n-tuple (ay,...,a,) of
topologically nilpotent elements of A; the power series F' tells us how to add two
such n-tuples and this defines a group. We denote the group we obtain by F/(A)
and this construction is functorial in A. We arrive at the following definition:

Definition 1.1.5. An n-dimensional (commutative) formal group over R is a
(commutative) cogroup objecﬂ in the category of complete adic R-algebras (the
morphisms being continuous R-algebra morphisms) that is isomorphic to R[ X, ..., X,].

A formal group over R determines a formal group law as soon as an isomorphism
with R[X] has been chosen. This is what we call “choosing coordinates”.
Explicitly, when we know how R[X}, ..., X,] is a cogroup object we can consider
(by the Yoneda lemma and the fact that the coproduct of R[X] with itself exists
in the category of complete adic R-algebras — being equal to R[X,Y]) the induced
comultiplication morphism

p: RIX] — R[X, Y],

which defines a formal group law by setting F;(X,Y) = u(X;).

Finally, note that a morphism of formal groups is a morphism of group func-
tors/objects and that this is the same as a morphism of formal group laws after
having chosen coordinates.

Remark 1.1.6. Often, when we are a bit lazy or when we simply forget to be
precise, we say “formal group” instead of “formal group law”. Confusing one for
another is only a problem when a construction depends on a particular choice of
coordinates. The author hopes he will be sufficiently clear whenever such a situation
arises.

1.2 Invariant derivations and invariant differen-
tials

We can consider the tangent space of a formal group, and as with Lie groups its
elements can be interpreted as “invariant derivations”. Dually, there is the concept

2Any such I is called an ideal of definition.
3That is, it(s formal spectrum) is a group object in the opposite category.



of “invariant differentials”. Both are important invariants of formal group, and
they basically encode the same information, by duality. For this reason it suffices
to study one in detail and then using duality the reason about the other.

Classically, the tangent space of R[X1,...,X,] (over R) is defined as the R-
module of homomorphisms

Homwioa, (P/P?, R), (1.3)
where P = (X) = (X1,...,X,). We would like to think of this as the R-module
Homct,R—Alg(RHXb Ce ,Xn]], R[&]),

where R[e] is defined by the relation €2 = 0 and has the discrete topology, but this
is not always possible. In general, we have a canonical morphism

Hompgod, (P/P?, R) — Home p_alg(R[ X1, - - ., X,]), R[g)),

which sends a morphism f: P/P? — R to the morphism R[X] — R[e] that
sends X; to f(X; + P?)e. This map is certainly injective, but it might not be
surjective: indeed, when R has non-trivial nilpotents, we can get more morphisms
R[X] — R[e] than the ones obtained via this map. However, in the case that R
is reduced, the map is easily seen to be an isomorphism.

So when F' is a formal group and R is reduced, we can define its tangent space
simply to be F(R|e] )EL which is functorial in F.

Remark 1.2.1. In the reduced case, note that F(R[e]) has a group structure for
two different reasons: by F being a group functor and because it is an R-module.
Due to the fact that € squares to 0 and Fy(X,Y) = X; +Y; + (higher order terms)
it follows that the group structures agree.

In general, if R is not reduced, we can only identify the tangent space (1.3
with a subset of F'(R[e]), but this is a bit awkward and luckily there is another
description in terms of invariant derivations.

Recall first that an R-derivation D: R[X] — R[X] is an R-linear map satisfying
the Leibniz rule

D(fg) = fDg+gDf.

Since for all N one has D(X)V C (X)¥~! any R-derivation D is automatically
continuous, and it follows that for every f

Df = Z(f)’;DXi,

so that the R[X]-module of R-derivations of R[X], Der(R[X]), equals

0
X,

Rma%@---@mu

4As we will see in Section this is similar to a more general notion of tangent spaces of
certain types of functors.



A sub-R-module of it will be that of invariant derivations, but we choose to define
those in terms of invariant differentials. So first recall the free R[X]-module of R-
differentials Q}%[[X]] = Q}z[[X]]/R’ with basis dX,...dX,. Let us define the R-linear
continuous map

0

which satisfies the Leibniz rule.

Using this we can evaluate a differential w = ), fidX; at an n-tuple of formal
power series without constant terms g(Y) = (¢1(Y),...,9,(Y)) (in possibly an-
other number of variables than n):

w(g): = Zfz‘(g(K»dgi € Qrpyy-
Definition 1.2.2. Let F' € R[X,Y] be an n-dimensional formal group law. An
invariant differential (for F') w € Q}%[[&] s a differential satisfying
w(F(X,Y)) = w(X) + w(Y).
The R-module of invariant differentials of F' is denoted by w(F).

Note that w(—) is contravariant functor: if f is a morphism between two formal
group laws F' and G, and if w € w(G), then w(f) € w(F):

w(f(X+rY)) =w(f(X) +¢ [(Y)) =w(f(X)) +w (f¥)).
In this case, we might also write f*w for w(f).

Example 1.2.3. In the case F(X,Y) = X +Y + ... is a formal group law of
dimension 1, one has for any differential w = f(X)dX the formula

w(F(X,Y)) = f(F(X,Y)dF(X,Y) = f(F(X,Y)) (%d}( + %dY) .

Therefore, w is invariant if and only if

IF(X,Y)

F e Y) T = (),
plugging in'Y = (X)), the inverse of X, this equation becomes
_ o OF (T (X))
FX) = FO =522
From the following calculation, using the chain rule,
OF (T, (X)) .8F(U,X)‘ B 8F(T,L(X))’ '8F(U,X)
oT T=X oU U=0 oT T=F(U,X) oU o
0F(F(U,X),L(X))’ _3(U—I—FX—FX)‘ _1
B ou Uv=0 ou U=0

it follows that if w is invariant, then

00 = 0y (02
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Note that 2EU-X) v—o = 1+ (higher order terms) (another reason it is invertible).

Again by the chain rule, one can check that

Wp: =

(aF(U, X)

—1
o )UO) dX € R[X]dX

1s indeed an invariant differential, from which it follows that
w(F)=R-wp.

Remark 1.2.4. From now on we shall use the notation

OF(T,Y)

A(X.Y) = oT T=X

(and similarly use a subscript “2” in the case we are partially deriving in the second
component). This should considerably simplify the above type of equations in the
future.

The example turns out to have a generalization to the n-dimensional setting:

Proposition 1.2.5. When F is an n-dimensional formal group law, w(F) is a
free R-module of rank n with a canonical basis wn, . . .,w, satisfying

w; =dX; mod (&)Q}%Mﬂ.

Proof. This is done by elementary computations, generalizing the ones above. A
complete proof is given in |Zin84][Thm 1.19], an incomplete proof in [GH94|[Prop. 2.2],
and no proof is given here. [ |

It follows that given a morphism of formal group laws f: F' — G, the induced
morphism f*: w(G) — w(F) is given by the matrix

o) on

8X1 X=0 8X1 X=0

ofi . (1.4)
X=0

X,

with respect to the canonical bases.

Note that there is a canonical perfect pairing between the R[X]-modules of
differentials and derivations:

() Qppxy % Der(R[X]) — R[X], <Z f,d X, ZgiaiXi) — Zfigi, (1.5)

which satisfies (gdf, D) = gD f. Tt allows us to define the tangent space/invariant
derivations of F' in terms of w(F):

Proposition 1.2.6 ([Zin84|[Thm. 1.19]). The R-module of R-derivations D for
which
(w(F),D) C R
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1s free of rank n and called the R-module of invariant derivations or simply the
Lie algebra of F'J| It is canonically isomorphic to the tangent space of F as defined
m and we denote it by Lie F.

The pairing induces a perfect pairing of R-modules between w(F) and Lie F,
and if w is any differential for which

(w,Lie F') C R,
then it is invariant.

Proof. This follows from §1.2 and Thm. 1.19 of [Zin84]. The isomorphism with
the tangent space follows from the other statements of this proposition and is
functorial: both Lie F' (as the dual of w(F') with respect to the pairing) and
Hompana((X)/(X)? R) are n-dimensional; identifying them via their canonical
bases gives us a canonical isomorphism of R-modules. If f: F' — G is a morphism
of formal group laws, then the induced morphism on the classical tangent space is
given by the usual matrix, with respect to the canonical bases, which happens to
be the transpose of the matrix This is the same matrix as that of the induced
morphism on the invariant differentials (because this is by definition the dual of the
morphism f*: w(G) — w(F')), and therefore the isomorphisms are functorial. W

Finally, let us note that we can speak of the Lie algebra and of the module
of invariant differentials of a formal group, instead of of a formal group law, even
though our constructions depended on a choice of coordinates. This is due to the
fact that an isomorphism of formal group laws induces a canonical isomorphism
on the Lie algebras/invariant differentials. If one is still not happy with this
explanation, one could define, for a formal group represented by the complete
adic ring A, the tangent space as the R-module of continuous R-linear morphisms
A — eR[e] respecting multiplication (or indeed like in [I.3] using the augmentation
ideal P of A).

1.3 Formal Ox-module laws

Now let us study formal groups with additional structure. Recall that K is a
non-Archimedean local field, with ring of integers O, uniformizer 7, and residue
field k = IF, of cardinality ¢ and characteristic p. Let R be an Og-algebra.

Definition 1.3.1. An n-dimensional formal Ox-module law F over R is an n-
dimensional formal group law F' over R together with a morphism of rings

Ok — End(F),a +— ap(X)

such that ap(X) = aX +(higher order terms), or equivalenty, such that the induced
map on the Lie algebra Lie F' (or on w(F')) is multiplication by a.

Remark 1.3.2. As before, we again have the concept of a formal Og-module,
from which we obtain a formal Og-module law as soon as we choose coordinates.
They can be defined as in by replacing the word “group” by “Ox-module”
and, in addition, adding the condition on the Lie algebra. As before, we might,
out of laziness or otherwise, talk about formal Ok -modules when we actually mean
formal Og-module laws.

5We do not care about its bracket, which is trivial, because F is assumed commutative.
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Example 1.3.3. The (1-dimensional) additive formal Ox-module law G, is the
additive formal group law G, as before, with the ag,(X) given by aX. As before,
there are also n-dimensional additive formal Ok -module laws.

Example 1.3.4. When K = Q,, and thus Og = Z,, the multiplicative formal
group law G, (X,Y) = (X +1)(Y +1)—1 over Z, has a natural formal Z,-module
structure. It necessarily has the following formal Z-module structure (definition
obvious)

ng, (X)=(X+1)"-1, n>0,
because a formal Z-module is the same as a (commutative) formal group. Now,
one can show that the assignment n +— ng,, (X) is continuous for the p-adic topol-
ogy on Zso and the (X,p)-adic topology on End(G,,) C Z,[X]. Since being an
endomorphism of G,, is a closed condition, it follows that End(G,,) is complete
for this topology, and since Z>o C 7Z, is dense, it follows that the map extends to
Z, — End(G,,). By continuity the map is still additive, and by additivity, it has
the required form on the Lie algebra.
Note that the roots of the polynomials

P, (X) =X+ 1" —1

corresponding to powers of the uniformizer p are the shifted p™-th roots of unity
Gon — 1. The extension K obtained by adjoining all these roots to Q,, is totally
ramified and by the (local) Kronecker-Weber theorem

QY = QU K.

Indeed, the formal Z,-module G, is the one discussed in the introduction. It is an
example of a “Lubin-Tate formal group” for Q,, used in the Lubin-Tate approach
of local class field theory!

The logarithm

Let us take a slight step back now, and consider again a formal group law F(X,Y),
of dimension 1 over a QQ-algebra R. As we have computed in Example [1.2.3] its
invariant differentials w(F') are generated by

1
= dX =(1+---)dX.
Wr Fl(O,X)d ( + )d

Since the coefficients are in R D Q, we can integrate this form to a unique power
series with no constant term

F(X) = /w € X R[X].

We claim that f is an isomorphism F' = G,. Indeed, by construction we have
d(f(F(X,Y)) =w(F(X,Y)) =w(X) +w(Y) =d(f(X)+ f(Y)).

Thus, f(F(X,Y))— f(X)— f(Y) is a formal power series both of which its partial
derivatives vanish. Therefore it is a constant. Having no constant term it must be
zero and we see that f is a morphism of formal groups. Since f(X) =X +--- itis
an invertible power series and hence an isomorphism of formal groups as claimed.
The power series f is the unique isomorphism F = G, such that f*wg, = df = wr
and is called the logarithm of F', also denoted by log.

13



Example 1.3.5. When F' = G,, then logg (X) = X.

Example 1.3.6. When F = G,,, we have

1 1 o
= = —1)iX?
F0,X) 1+X ;< )

and thus it follows that

logg,, (X) = Z

the ordinary logarithm, expanded around 1.

Remark 1.3.7. Note that the logarithm encodes our formal group law:
FX,Y) = [ (f(X) +e, f(Y)) = [ (F(X) + f(Y)).
Therefore, given a power series of the form
g(X) =X + b, X° + 0 X? + - € R[X] (1.6)
we can associate a formal group law to it by the formula
Fy(X,Y) =g (9(X) +g(V)).

By uniqueness, its logarithm will be equal to g. This gives a bijective correspon-
dence between 1-dimensional formal group laws and power series g as in[l.6. As
a consequence the functor on Q-algebras sending R to the set of 1-dimensional
formal group laws over it is represented by the polynomaial ring

@[bb b27 b37 s ]7
a fact that we will see holds in greater generality.

For general formal Og-modules F' (of arbitrary dimension) something similar
happens, as long as the ring R does not have m-power torsion (i.e., if it is flat over
Ok). In this case we can identify R with a subring of R ®o, K.

Proposition 1.3.8 (|[GH94|[Prop. 3.2]). Let R be a flat Ok-algebra and F a 1-
dimensional formal Ox-module law over R. Let w € w(F) be an invariant differ-
ential of F' over R. Then there exists a unique morphism of formal Og-module
laws over R ®o, K

fi F—G,
such that df = w.

Proof. We may assume R is in fact a K-algebra. If the characteristic of K is 0,
then w has a unique primitive f without constant term. In our discussion of the
logarithm over Q we already saw that f is a morphism of formal groups F — G,. It
is a morphism of formal Ogx-modules as well: indeed, d (f (ar(X)) —af(X)) =0
again, for all a € O.

The case where K D k has characteristic p > 0 is a bit tricky as we use a result
we will only prove later, so we advise the reader to come back later to read the
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proof (and check it is not circular).

We know by the Corollary that F is, after a change of coordinates, equal to
G, as a “formal k-module”. In this case, we know that w = rdX for some r € R.
Because of this, and because f should be a morphism of “formal k-modules”, we
see that f must have the form

rX + Zaini.
>0
We want that 7f = f onp, ie.
WZai(l — qu’l)Xqi =r(rp(X)—7X)+ Zai (mp(X) — WX)qi :
>0 >0

which can be solved inductively, in a unique way (for this we note that mp(X)
is also of the form Y. b; X7, being a morphism of “formal k-modules”). Since f
respects the formal multiplication by 7 and is a morphism of “formal k-modules”,
it is a morphism of formal k[r] = Og-modules as was to be shown. [ |

If F'is a formal Og-module law over R (still Og-flat) of dimension 1, the
unique morphism f: F' — G, over R®p, K with df = wp = (1+---)dX is called
the logarithm of F' and denoted by logy. Because logp(X) = X + --- we see that
it must be an isomorphism. Therefore we get a generalization of Remark [I.3.7}

Corollary 1.3.9. FEvery 1-dimensional formal Ox-module over a K-algebra is
1somorphic to G,. The polynomial K -algebra

Kby, b, ... ]

represents the functor sending a K-algebra to the set of 1-dimensional formal O -
module laws over this K-algebra.

In the case R is m-adically complete (and still flat over Of), we have a nice
formula for the logarithm:

Proposition 1.3.10. Let R be a flat Ok-algebra that is w-adically complete. Let

F be a 1-dimensional formal group law over R. Then

logp(X) = f(X) = lim T (X)

n—00 mn

)

where the limit 1s for the m-adic topology on each of the coefficients and is taken

in (R ®o, K)[X] = R[1/7|[X]f]
Proof. 1f we can prove the limit to converge, we are done: indeed, one then has

(X +pY) (X)) +r TE(Y)

R
R £ () + O (rp(X), (1))
i 0w
=00 + ),

6The “m-adic topology” on R[1/7] is the one where a basis of neighbourhoods of 0 is given by
the 7™ R for n > 0. One can check that this makes R[1/7] into a complete topological ring.
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where O ((7(X), 7%(Y))?) denotes an element in (77 (X), 7%(Y))?R[X]. When
lim,, oo mh(X) /7" exists, then O ((7%(X), 7%(Y))?) /7™ must tend to 0 as n — oo.
This justifies the second last step in the above equations.
If the limit converges, we similarly get f (ap(X)) = a - f(X) for all a € Ok; and
clearly also f(X) =X +---, so that df = wp, and f must be the logarithm.
Therefore, we need to show the limit converges.
For this, first note that

r(X) € (71X, X?). (1.7)

Substituting 7z (X) for X in the above equation one obtains
mh(X) € (X, X2, X1).
Making the same substitution again while remembering [1.7| we get
mh(X) € (X, 72 X2 n X4 X®)
and by induction we get for all n
(X)) e (@"X, 7" X2 X XY = 1.
Thus
mi(X)
J

from which it follows that all the 77 (X) /7" are included in the (7, X)-adically
complete R[X]-module

1 1 1 1 o
e —1I,= (X,—X2,—2X4,...,—X2),
e T s

ﬂ-n

MZ:R~X><lR'XQXlR'XBX%R'X4X-‘~C<R®0KK)[[X]].
™ ™ s

Now notice that

T | mep(0) —m b (X)L Ly
antl nks an+l T ! T ’ |

1
Since —M is also (m, X)-adically complete, it follows that the limit converges. W
T

1.4 Lazard’s ring

Instead of Tayloring the multiplication map of a Lie group or elliptic curve to
obtain formal group laws, one can also construct formal group laws algebraically,
using the axioms at hand. Writing

FIX,Y)=X+Y+> a; X'y,
0,
we easily see that the functor
Ring — Set, R +— {1-dimensional formal group laws over R}

is represented by

A = Zasg, a1, a02, asyp, . - .|/ (relations),
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where the relations are those obtained from the axioms in Definition [LI.1] of a
formal group law.

This means that F(X,Y) is a formal group law over A and that any morphism
f from A to some ring R gives us a l-dimensional formal group law f.F' (the
base-change of F to R) given by

LFXY) = X4V + 3 flag) XY,
1,

Because of this, the formal group law F' is called universal.
We see that constructing a 1-dimensional formal group law over R is the same as
giving a ring morphism A — R. In Remark we have seen that A ®z Q &
Ql[b1, bs,...] and actually it turns out that A itself is already isomorphic to the
polynomial ring Z[ty, to, . ..]. This was first proven in [Laz55|[Théoreme II} and for
this reason A is sometimes called “Lazard’s ring”. Finding morphisms from this

polynomial ring to R is very easy, and thus — knowing the isomorphism — there is
a straightforward way to construct 1-dimensional formal group laws over R.

More generally, we are able to construct the Ok-algebra Ay, representing the
functor

Ok — Algebra — Set, R — {1-dimensional formal Ox-module laws over R}

by modding out the polynomial Og-algebra
OK[a,-j,aﬂa € OK] (18)
by the relations we get between the
F(X,Y)=X+Y+> a;X'V7 and ap(X) =aX + Y X', a € Ox (1.9)
irj i
from the axioms of 1-dimensional formal Ox-module laws.

Again, we know that
Ao, Ro, K = Kby, by, ...],

by Corollary [1.3.9] The aim of this section is to explain why it is a polynomial
ring even before tensoring, generalizing Lazard’s work. We mention that this was
first done by Drinfeld [Dri74][Prop. 1.4]. However, the ring Ao, will still be called
“Lazard’s ring” too.

The first observation is that Ay, is naturally a graded Ok-algebra. The grading
is as follows: on the polynomial algebra [1.8] we set

dega;; =1+ j—1and dega; =i — 1, (1.10)

a priori it might not be obvious why this defines a grading after modding out. To
see this, we broaden our perspective a bit, and consider the ring

OK[CLij,Oéi|Oé S OK][[X, Y]],

which contains the elements[I.9] If we set the degrees of X and Y to be equal to —1
we get a grading on this bigger ring and the elements [1.9 will be homogeneous of
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degree —1, just like the variables. Therefore, these elements, as functions, respect
the grading.

To obtain the relations by which we mod out, we should study the equations
expressing associativity, commutativity, distributivity, etc.:

F(F(X,Y),Z)— F(X,F(Y,Z)) =0,
F(X,Y) - F(Y,X) =0,
ar (F(X,Y)) = F(ap(X),ar(Y)) =0,

Giving Z degree —1 as well, one sees that the elements on the left hand sides are
all homogeneous of degree —1. We need to mod out by their coefficients, but they
necessarily are homogeneous as well. This means that in order to get Ap, we mod
out by a homogeneous ideal. Therefore defines a grading on Ap, .

The second step is to construct a graded surjective morphism
OK[tl,tQ,...] _»AOK7 (]_]_1)

where t; has degree 1.
To conclude from this morphism, one draws the following commutative diagram,
obtained by tensoring the surjection:

OK[tl,tQ, .. ] E— AOK
j l . (1.12)
K[tl,tg,...] E— AOK ROk K
We know that Ap, ®0, K = Kb, by, ...]. Let us make this isomorphism explicit:

over K any (1-dimensional) formal Ox-module G is determined by its logarithm
via

G(X,Y) = logg' (logo(X) +logs(Y)) and ag(X) = logg' (aX).

The logarithm log, is the image of the universal logarithm
X+ b0, X%+ X%+ - € K[by, by, ... ][X], (1.13)

via the unique morphism Kby, b, ...| — G defining G. Thus via the isomorphism
Ao, ®o, K = Kby, by, ...], we find that

FXY) = /7 (F(0) + £(¥), "

OéF<X):f71 (OJX) .
This means that the isomorphism sends a universal coefficient a;; or o, to whatever
is the corresponding coefficient on the right hand aside in [I.14] If we again use
our trick and give Kby, by, ... ] a natural grading: we set the degree of X (and Y)
to be —1 and give b; degree 7; then becomes homogeneous of degree —1, and
from this it follows that f (and thus also its inverse) respect grading, meaning that
the right hand sides of are graded of degree —1. Comparing coeflicients on
both sides of shows that the a;; and the o, are sent to homogeneous elements
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of the same degree. To conclude: the isomorphism Ap, ®o, K = Kby, b, .. .|
respects grading.
Finally, since the map still respects grading after tensoring, we get a surjective
graded morphism

K[tl,tg,...] _»AOK ®(9KKEK[b1,b2,...].

Since the graded parts on both sides are of the same, finite dimension, we conclude
it is an isomorphism, and in particular injective. From the commutativity of
it follows that the graded surjection [1.11]is actually an isomorphism too:

Oklt, t2,...] = Aoy,
which is what we want(ed) to show.

We still need to construct said graded surjective morphism, and in order to
do so, we need to analyze the (ordinary[l) homogeneous parts of F'(X,Y) and the
ar(X) in more detail.

First, let us write

Aok =P Moy

120

for the decomposition into graded parts. Now set, for n > 2,
I = (Aoga+ -+ Aoy m—2) Mok
(so I = 0). This is the ideal generated by the coefficients of

F(X,Y)— X —Y mod (X,Y)",
ap(X)—aX mod X",

Let us now begin our analysis. We start with F: write

FX,Y)=X+Y +> C.(X.Y),

where C,,(X,Y) is the homogeneous degree n polynomial part of F.
The homogeneous polynomial C), is clearly symmetric in both variables, and
F(X,0) = X implies

Co(X,0) = 0 = C,(0,Y). (1.15)

The associativity condition together with the fact that F(X,Y) = X +Y +---
shows that, after modding out by the preceding non-unit coefficients I,,, one has

Coi(X +Y,2) = Co(X,Y + 2). (1.16)

One can try to solve these equations, but it is not entirely trivial. The solution,
which is due to Lazard, turns out to be very nice:

"In the sense of polynomials.
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Proposition 1.4.1 ([Laz55|[Lemme 3]). Any symmetric homogeneous degree n-
polynomial over any ring R satisfying |1.15 and |1.16] is a multiple of the homoge-
neous polynomial with the same properties

(X+Y)"—=X"—=Y™ ifn is not a prime power
Co(X,)Y) =< (X +Y)" = X" —Y"

- , if n is a power of the prime p’
p

defined over 7.

Proof. It is not hard to see that the C), as defined satisfy the properties and
1.16, The harder part is to show C, is a multiple of C,,, for this one should first
write down a system of equations for the coefficients of C,,: do this by comparing
the coefficients on both sides of [L16l

The solution to this system is given in [Ans21|[Lemma 2.20]|, where it is called
“Lucas’ Theorem”. The proof is very nice and exactly what finishes the proof of
this proposition; [Ans21| attributes it to Lurie(’s notes [Lurl0][Lecture 3]).
Although we just need this result for Og-algebras, it holds in general, and in fact
the proof referenced in some sense makes a reduction to our case (the reduction is
to Z,- or to Q-algebras). |

Something similar can be done with respect to the homogeneous degree n parts
(i.e., degree n monomials) a, X™ of the ar(X), but now we need to consider them
all at once and relate them to C,, as well. For this, we follow [Dri74][§1]. From the
fact that F'is a formal Og-module, we find for all a, 8 € Ok

o (X+Y+CH(X,Y)> +a, (X +Y)" =

) (1.17)

aX +aY +a, X"+ a,Y" + C,(aX,aY),
(Oz—i—?)X—l—(Oz—i—ﬁ)an = (1.18)

aX + X + Cy(aX, X)) + a, X" + 5, X",
(aB)X + (af)n X" = a (BX + B, X") + a,, 5" X", (1.19)

where the congruences are all modulo 7,,. (In what follows, all congruences will be
modulo 7,,.)
By Theorem there is a v, (wlog in Ap,. 1) such that

C’n = 7,Ch.
Thus, we obtain from that
a (X +Y)"=X"=Y") = (a" — a)7Cu(X,Y).

Therefore, it follows from the fact that the coefficients of C,, are coprime (but not
pairwise), that

(a" ) «,, if n is not a prime power (1.20)
a —a)y, = ]
7 a,p’, if nis a power of the prime p’
The second equation, [1.18] tells us that
(a‘l'ﬁ)n_an_/gn E’Yncn(avﬁ) (121)
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Finally, from the third equation, we obtain

(aB)n = afn + anf”, (1.22)
and thus by symmetry
afn + anf" = Py, + fra”, (1.23)
ie.
(a" —a)B, = (B" — B)an. (1.24)

Now let us consider some cases:

e 7 is not a p-power: in this case the «, are clearly congruent to multiples
of ~,, because of and the fact that all primes p’ different from p are
invertible in Og.

e n is a p-power, but no g-power: then there exists an o« € Ok such that

X
a" —a e Op.

It follows from that the [, are congruent to multiples of «,, and the
same holds for ~,, by [1.20}

e n is a g-power: let us write T for x mod 7, Ok + I,,. The equations and
1.23| with g = 7 become

(am),, A, 2
SO
0= (71'”71 V)ra, = (7‘(‘”71 —1) (re),,,
it
unr

whence (ma), = 0 for every o € Ok. In particular,

0=, =1+ {p—1), 2 L+ {p—1),+Cullp—1)7,
L2
p—1
=0
p—

1
Cn(]-a 7/)771’
1=0

where the last equation holds because p - T,, = 5, = 0 = 0, F] Now, over Z,

p—1 p—1 ,. .

1 n __ ?’L_l no o
I e R e !
i=0 i=0 p p

80r simply because 17(X) = X and thus 1,, = 0, likewise 0,, = 0.
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from which it follows that 7,, is 0.
Therefore,

M = AOK,n—l/ ((In + ’/TnOK) N AOK,n—l)
is generated by the «, for a € Ok and thus a k-module, since 7@, = (an), =
0 for all a.
Now, since 7,, = 0, tells us that h: a — @, is additive. Moreover, by
and the fact that ¢|n this application satisfies the Leibniz rule. Since
h(rOk) = 0, we see that h is simply “differentiation”

k— M,

and therefore 0.
Thus M = Imh = 0 and we see that the «,, and ~, are all congruent to
multiples of m,.

The above three cases tell us that for n > 2 the
Aoy n—1/ (In NV Aoy n-1) (1.25)
are generated over Ok by a single element. To finally obtain our graded surjection
Oklt1,te,...] = Aoy,

with degt; = 4, we simply send ¢; to any lift of a generator of Ao, i/ (Li+1 N Aoy.i)-
This is certainly graded, and it is also surjective: we can check this by induction
on the degree: since I, = 0 the map surjects on Ap, 1; since the map surjects on
Aoy 2 modulo I3 = Ap, 1, the map surjects on Ap, 2 even before modding out,
ete.

We obtain:

Theorem 1.4.2 ([Lazb5|[Théoreme 1], [Dri74][Prop. 1.4]). Ao, = Oklt1,ta, ... ].

The fact that we have this isomorphism implies that the are torsion-free
and thus isomorphic to Og. More precisely, taking our previous calculations into
account:

Proposition 1.4.3 (|Dri74][Prop. 1.3]). The Ox-module
Aoy n—1/ (In N Aoy n-1)
is free of rank 1 and can be generated by (the class of)
dpnYns if n is not a power of p

u=1 a,/(a"—a), ifnisap-power, but not a g-power and & # a mod T,

7,/ (7"t = 1), ifn is a g-power

1, if n is no prime power
here d,, = ‘ ‘ . .
p', if nis a power of the prime p’

Moreover, with this choice of generators we have: if n is no q-power, then
B = (8" = Blu, mCu(X,Y)=u((X+Y)" = X" =Y")
for all B € Ok, and if n is a qg-power, then
pr=p p
Bn = -
0

for all B € Ok.
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Remark 1.4.4. The isomorphism[1.4.3 is very nice to have, but unfortunately it
18 not canonical: for example, it already depends on the lifts we choose of the u of
the above proposition!

We can get a bit of control over it, by requiring that, whenever n is a q-power t,

18 corresponds to 7TnE| This is a property we will in the future assume this map
has.

Corollary 1.4.5 ([Dri74|[Prop. 1.5]). Let n > 1 and let R be a Ok-algebra and F
and G two 1-dimensional formal Ok -module laws over R such that

F=G, ap =ag mod degree n

for all a € Ok.
Then

e if n is no power of q: there is an r € R such that for all a € O

FX,)Y)=GX,)Y)+r(X+Y)"=X"—=Y") mod degree n+ 1,
arp(X) =ag(X) +r(a” —a)X" mod degree n + 1.

e ifn is a power of q: there is an v € R such that for all a € Ok

FX,Y)=G(X,Y)+ TBCH(X, Y) mod degree n + 1,
7r

a’ —a

ap(X) =ag(X)+r X" mod degree n + 1.

™

9We could also put more requirements on the isomorphism, but we will not need this.
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Chapter 2

Deformations and extensions

The theorem, due to Lubin and Tate for Oy = Z,, ([LT66][Thm. 3.1]) and due to
Drinfeld in general ([Dri74][Prop. 4.2]), that

Ao, = Oklty, ta, ... ]

is very important for the deformation theory of 1-dimensional formal O x-modules.
Namely, it says that the deformation theory is “unobstructed”. Concretely, this
means that if R is a Og-algebra with an ideal I and if F'is a 1-dimensional formal
Og-module over R/I, then there is no obstruction to being able to lift F' to R:
indeed, any morphism Oglt1,ts,...] — R/I lifts to a morphism to R, and this
defines a lift (i.e. a deformation) F of F over R.

What is most important to us is that the functor represented by Ay, is “formally

smooth”, this means the following:

Definition 2.0.1. A set-valued (covariant) functor F' on a category of rings (con-
taining all quotients by ideals of its objects) is called formally smooth if for every
object R and every nilpotent ideal I C R the induced morphism

F(R) - F(R/I)

18 surjective.
By dévissage the condition that I be nilpotent can be replaced by the condition that
I’ =0.

Example 2.0.2. The functor represented by a formal group on the category of
complete adic R-algebras as in is formally smooth. Indeed, it is representable
by R[Xq,...,X,].

Similarly, formal Ok -modules are formally smooth.

The primary goal of this chapter is to compute the Lubin-Tate space at level
0. This is an affine formal scheme representing the functor that sends a certain
kind of Ok-algebra R to the set of deformation classes (deformations up to some
kind of equivalence) of F' over R, where F' is a 1-dimensional formal Ox-module
law defined over k, of height h. We will define all these concepts later, just keep
in mind that the points of Lubin-Tate space should be lifts of a certain formal
Ox-module law defined over k. Our aim is to show the Lubin-Tate space (at level
0) equals
Spf OK[[ulw--uh—l]]- (21)
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Because the deformation theory of 1-dimensional formal group laws is unobstructed,
it will be easily seen that the Lubin-Tate deformation functor is formally smooth.
Then the essential thing is to compute its “tangent space”: if we can prove it is
h — 1-dimensional, there is a theorem due to Schlessinger [Sch6§| that gives us
the description In the next section we will discuss Schlessinger’s deformation
theorem.

2.1 Schlessinger’s deformation theorem

In this section we basically follow [Far05][§2], although we make some minor ad-
justments, because our setting is more general. We will prove, as [Far05] calls
it, Schlessinger’s deformation theorem “in the unobstructed case”. The general
version is indeed due to Schlessinger [Sch68][Thm. 2.11].

The type of Ok-algebras we are interested in are complete local Noetherian
Ok -algebras, that is, local Noetherian Og-algebras R with maximal ideal mpg
containing (the image of) 7 that are complete for the mg-adic topology.
Throughout this section, let R be a complete local Noetherian Og-algebra with
maximal ideal mp and residue field kgz. We let

Cr

be the category of local Artinian R-algebras with residue field k4| with morphisms
being local R-algebra morphisms. This category is very suitable for dévissage,
because every non-unit ideal of an object A is nilpotent.

Remark 2.1.1. Note that any A € Cr is an R-module of finite length: since A is
Artinian it is certainly of finite length over itself, so there is a mazximal chain of
1deals

0O=LhChG--Cl,=4

such that the successive quotients
Lina/1;

are all simple A-modules, i.e., isomorphic to kr. Since kg is a length 1 R-module,
and since length is additive, it follows that A is of length n over R, being an
extension of n length 1 R-modules.

It follows from the remark that fiber products exist in Cg: suppose we have a
diagram
A B

\ / , (2.2)

C

then the ordinary fiber product of rings A x¢ B C A x B belongs to the category
Cgr. Indeed, it is local with maximal ideal the inverse image of the maximal ideal
of C', and since A and B are of finite height over R, so is A x B and therefore so
is A x¢ B: thus it is also Artinian. Finally, its residue field is clearly also kg.
Therefore, the following definition makes sense:

'We require that the image of mp is contained in the maximal ideal of such a ring.
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Definition 2.1.2. A functor F: Cr — Set is said to satisfy the Mayer-Vietoris
property if for all diagrams the natural morphism

F(AxpC) = F(A) xpy F(B)
s an isomorphism.

Now, let Vectf& be the category of finite dimensional kg-vector spaces. We
define the following functor

Vect, — Cp,V = kp®V, (2.3)

where the R-module kr @& V' has an R-algebra structure by setting

(QZ’,U) ’ (va) = (:L’y,xw + yv)'

This makes kr @V an element of Cg.
Let F' now be any functor
CR — Set.

We denote by T'F' the tangent functor associated to F', which is F' composed after
the functor above

TF: Vect; — Set,V s F(kp@ V).

The image T'F(kgr) = F(kgle]) is called the tangent space of F. Notice that both
the tangent functor and the tangent space are functorial in F'.

When F satisfies the Mayer-Vietoris property, the tangent space itself encodes the
whole tangent functor.

Proposition 2.1.3 ([Sch68][Lemma 2.10]). Let F': Cp — Set satisfy the Mayer-
Vietoris property. Then the functor TF is actually a functor to the category
Vecty, of kr-vector spaces, that is, there is a canonical factorization

Vectii Tr s Set

\ fV

Vecty,,

Moreover, there are natural isomorphisms
TE(V)=TF(kgr) ®k, V.

Proof. Every finite dimensional kgr-vector space V' is a kg-vector space. There-
fore there is a morphism V' x V' — V expressing addition and for every scalar
x € kg there is the scalar multiplication morphism m,: V — V. There are the
obvious commutative diagrams expressing the axioms of kgr-vector spaces. Since
the functor respects products and so does F', it follows that these diagrams
still commute for TF (V). This naturally makes TF (V') into a kg-vector space and
proves the claimed factorization.

For the second claim, pick an isomorphism V' = k%, = kg X - -+ X kg, then

TF(V) 2 TF(k}) 2 TF(kg) % -+ x TF(kg) = TF(kg) @, k2 = TF(kg) ®p, V

and one can check that this isomorphism is natural in V. |
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We will now introduce “formally étale” morphisms between set-valued functors
on Cgr. It generalizes the notion one might already know for schemes.

Definition 2.1.4. Let F,G: Cr — Set be covariant functors. A morphism f: F' —
G is called formally étale if for all ideals I C A, the following diagram is Cartesian

F(A) —— G(A)

| |

F(A/T) —— G(A/I)

As in the definition of formal smoothness, we can equivalently, by dévissage, only
consider ideals I that square to 0 or even: that are killed by the maximal ideal of

AP

In a Cartesian square, the upper horizontal arrow is a bijection when the lower
horizontal arrow is. Therefore we obtain the following lemma, by dévissage:

Lemma 2.1.5. Let F,G: Cr — Set be covariant functors. A morphism f: F — G
1s an isomorphism if and only if it is formally étale and induces a bijection on the
images of the final object:

F(kr) = G(kg).

Corollary 2.1.6. A formally étale morphism f: F — G between functors both
satisfying the Mayer-Vietoris property is an isomorphism.

Proof. By Propositionm if I satisfies the Mayer-Vietoris property, then F'(k) =
TF(0) = 0, a singleton. Therefore, formally étale morphisms between functors
both satisfying the Mayer-Vietoris property are isomorphisms. |

Proposition 2.1.7 ([Far05][1st Course, Prop. 7]). Let F,G: Cr — Set be covari-
ant functors both satisfying the Mayer-Vietor property and let f: F — G be a
morphism. Suppose F' is formally smooth. Then f is an isomorphism if and only
if it induces an isomorphism on the tangent spaces.

Proof. By Corollary it is enough to show that if f induces an isomorphism
on the tangent spaces, then f is formally étale.

By Proposition [2.1.3| we know f induces an isomorphism of tangent functors.
Now let A be an object of Cr and I C A an ideal killed by the maximal ideal m 4
of A. By dévissage, it is enough to prove the diagram

F(A) ——— G(A)

| |

F(A/I) —— G(A/I)

is Cartesian. Because the left vertical arrow is surjective (F is formally smooth),
it suffices to check that F(A) — G(A) induces isomorphisms between the fibers
of the vertical arrows. These fibers are either both empty, or, by the next lemma,
they are principal homogeneous spaced)| under TF(I) = TG(I) in a compatible
way. In both cases, the fibers are isomorphic. |

20n the category Cgr this condition can also be a replacement in the definition of formal
smoothness.
3That is, they have a group acting on them, and this action is free and transitive.
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Lemma 2.1.8 (|[Far05|[1st Course, Prop. 6]). Let A be an object in Cgr and I C A
and ideal killed by the mazimal ideal my of A. Let F: Cp — Set satisfy the
Mayer-Vietoris property and let f: F(A) — F(A/I) be the morphism induced by
the reduction modulo I.

Then for every x € F(A/I) the fiber f~'(x) is either empty or a principal homo-
geneous space under TF(I).

Proof. We have an isomorphism in Cg
AXA/[A;AX]CR (l{?R@I)

given by (ay,as) — (a1,a; & (a1 — az)), where @; = (a; mod my4). The inverse is
given by (a,@® i) — (a,a —i). The projection on the second coordinate

pry: AXkR (kREBI) ;AXA/[A—)A
is therefore (a,i) — a—1i. It trivially follows that the following diagram commutes:

id X+

AXkR(k‘R@[) XkR(kR@[>—>AXkR(k)R@I)
lpr2><id pro ) (24)
Axp, (ke I) P > A

where +: (kr @ I) Xy, (k@) = (kp® ), (z @i, 2B j) = (xS i+ j). By the
Mayer-Vietoris property we obtain an isomorphism

F(A) xTF(I) 2 F(A) xpa/mn F(A), (2.5)

which is moreover natural in F'. Applying F' to the diagram [2.4] we obtain diagram
expressing a group action by TF(I) on F'(A) by using the projection on the second
coordinate

pry: F(A) x TF(I) = F(A) x pasn F(A) — F(A).

By construction, the group action respects the fibers of f. From the isomorphism
2.5 we see that the action by TF(I) is both free and transitive. [ |

We are now ready to prove Schlessinger’s deformation theorem (in the unob-
structed case).

Theorem 2.1.9 (|Sch68|[Thm. 2.11], [Far05][Thm. 3]). Let F': Cr — Set be a
formally smooth functor satisfying the Mayer-Vietoris property and suppose

dimy, TF(k) =n < oo.
Then F' is prorepresented by R[Ty,...,T,], i.e. F = Spf R[Ty,...,T,].

Proof. Let (ey,...,e,) be a basis for the tangent space. By the Mayer-Vietoris
property this is an element n; of

F(kg[Ty,....T.)/(Th,....T,)?) = HTF(k).
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Since F' is formally smooth, this element can be lifted to an element of

(m.1e.. ) € F(R[Th,... , T]) = hm F(R[Ty,..., T,]/T°),
Y4 ~~

eCr

where [ = mpg + (T1,...,T,)%
We obtain a morphism f: G = Spf R[Ty,...,T,] — F: namely, an element
a € G(A) corresponds to a morphism

a: R[Ty,...,T,]/ 1" — A

for ¢ big enough. Our morphism f sends the element a to F'(a)(ny). One checks
that it does not depend on ¢ and that this indeed defines a natural transformation.
Since G is formally smooth and satisfies the Mayer-Vietoris property, it suffices to
prove that f induces an isomorphism on the tangent spaces, by Proposition [2.1.7]
It induces an isomorphism on tangent spaces by construction: indeed, a basis for
TG(kgr) = Hom(kg[Ty, ..., T,]/ (T4, ..., T,)? kgle]) is given by the projections on
the 2-th coordinates

pr;: kr[Th, ..., T/ (Th, ..., Th)? =2 kgle] Xgp X - - X kgle] — krle].
Since F(pr;)(n1) = e;, we are done. |

Because of this theorem, it will be of great importance to compute the tangent
space of the Lubin-Tate deformation functor.

2.2 First order deformations and extensions

To compute the “tangent space of a functor over a ring R”, one, under good cir-
Cumstancesﬂ simply evaluates it at R[e]. In the previous section, we did exactly
this, by plugging in kgle] to obtain the tangent space of a functor F': Cp — Set.

In this section, R is any Og-algebra and F' is a 1-dimensional formal Og-module
over R. We are interested in the deformations of F' and we can define a certain
deformation functor: sending an infinitesimal thickeningP| S — R to the set of
certain classes of deformations of F' over S.

Our main aim is to compute the tangent space of this functor, so in this section
we will only be occupied with the case S = R[e] — R,e — 0. However, we will
be a bit more general than one would expect by the previous section, because R
is not a field (for Schlessinger’s deformation theorem one only needs to evaluate
at L[], for a certain field L). For the purposes of this thesis, this generality is
indeed not necessary. Still the results one gets by being more general are useful,
for a discussion of this, see Section [2.6]

Let I’ be a l-dimensional formal Og-module law over R. Suppose Fis a
formal Og-module law over Re] reducing to F' modulo € (we call F a first order
deformation). Then we can write

FX,Y) = F(X,Y) +G(X,Y),
ap(X) = ap(X) +€g.(X) for a € Ok,

4We saw earlier that for formal groups this means R should be reduced.
5That is, the kernel of this map I C S is nilpotent.
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for unique power series G and g, with coefficients in R. We can try to characterize
these power series. Let us start with considering what the associativity condition
on I implies for G. We first compute

F(F(X,Y),Z)=F(F(X,Y)+eG(X,Y),Z)+eG(F(X,Y)+G(X,Y), Z)
=FX+4rY, 2)+eGX,Y)VFI(X +rY,Z2)+cG(X +r Y, 2),

where Fj is the partial derivative in the first component as before. Similarly, we
find

F(X,F(Y,2)) = F(X,Y 4p 2) + eG(Y, 2)Fy(X,Y +5 Z) + eG(X,Y +p Z).
The associativity of +z and +r now tells us that
G(X, V)R (X +pY, 2)+G(X+pY,Z) = GY, 2)Fo(X,Y +5 Z2)+G(X,Y +p Z). (2.6)
By some chain rule hocus pocus

FI(X+rY, 2)F1(0,X +rY)=F (0, X 4+rY +r Z)

and also
FQ(X,Y“I‘F Z)Fl(O,Y+F Z):Fl(O,X—l—FY—i-F Z). (2.7)
Therefore, becomes
G(X,)Y) GX+rY,Z)
Fi(0,X 45ty +r Z) + FuO,X 45 Y +5 2Z) =
Fi(0,X +7Y) i rty e Z) Fi(0,X +p +pY +p 2) i rY trZ)
G(Y. Z) G(X,Y +r 2)
Fo0,X 45 Y 47 Z) + Fi0,X 47 Y +5 2).
F(0,Y +5 Z) i rY +r2) Fi(0,X+rY +5 2Z) i rY +r2)

Dividing both sides by F}(0, X+rY +rZ) and setting A(X,Y) = G(X,Y)/F1(0, X+
Y') we finally obtain

AX)Y)+AX+rY, Z2) =AY, 2)+ A(X,)Y +r Z). (2.8)

In the same spirit, setting 6,(X) = go(X)/Fy (0, ar(X)), we find for all a,b € O
A(X,Y) = A(Y, X),

Oatp(X) = 0a(X) +05(X) + A (ar(X), br (X)),

0a(X)+0.,(Y)+ A(ap(X),ar(Y)) = aA(X,Y) + 0,(X +rY),
5ab(X) = a(Sb(X) + 6(1 (bF(X)) y

(2.9)

by considering commutativity, the distributivity laws, and the compatibility of the
two ways of multiplying.

One can reverse these computations, and see that when the above identities hold,
we retrieve a deformation F' of F"

Proposition 2.2.1. Let F' be a 1-dimensional formal Ok -module law over R. Let
A(X,Y) and 6,(X) for all a € Ok be power series over R. Then

{ﬁ(X, Y) = F(X,Y) + eAX,Y)F (0, X 45 Y),
ap(X) = ap(X) +€0a(X)F1 (0,ap(X))

defines a deformation of F' over R[e| if and only if the A and 6, satisfy and
23
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Definition 2.2.2. An element

(A(Xa Y)a5a(X))anK € R[[X> Y]] X H R[[X]]

a€0gk

satisfymg and is called a symmetric 2-cocycle (on F). If it does not nec-
essarily satisfy these equations, it is called a symmetric 2-cochain (on F').

The set of symmetric 2-cochains is naturally an R-module and the subset of sym-
metric 2-cocycles is a sub-R-module.

The definition above suggests we might do some cohomology soon. This is the
case, although we will only stay in very low dimensions.
We have already seen that the symmetric 2-cocycles correspond to first order
deformations of F. If we are going to do cohomology, we would like to mod out
by “symmetric 2-coboundaries”. This would result in certain isomorphism classes
of deformations. Let us see what they should be.
Naively, two deformations F and F' of F could be said to be isomorphic, as soon
as they are isomorphic as formal Og-modules. This is a bit too general for our
taste however. For this we introduce the following notion:

Definition 2.2.3. Let S be an Og-algebra, let I C S be an ideal, and let ]5 F' be
two formal Ok -module laws over S reducing to the same formal O -module law F'
modulo I. Then F and F' are said to be isomorphic deformations or x-isomorphic
deformations of F' if there exist an isomorphism (called a *-isomorphism ) of formal
O module laws over S

f: F = F
that reduces to the identity modulo 1.

Suppose that two first order deformations F and F , defined by the cocycles
(A, 0,) and (A, 0!) respectively, are x-isomorphic, with x-isomorphism given by

FX)=X4eg(X): F— F',
Then
FIE(X,Y)) = F(X,Y) +e(AX,Y)F (0, X 4pY) + g(X +pY))
and
F'(f(X), f(Y)) = F(X,Y)+e (F(X,Y)g(X) + B(X,Y)g(Y) + A'(X,Y)Fi (0, X +rY))
are equal and thus
9(X+rpY)=F(X,Y)g(X) - (X, Y)g(Y) = (A(X,Y) = AX,Y)) F1(0, X+7Y).

Now set v(X) == ¢g(X)/F1(0, X). Dividing both sides by F;(0, X +rY) and using
the same chain rule magic [2.2] as before, we arrive at

v X +rY)—v(X)—vY)=A"— A
Similarly, a computation yields that

v(ap(X)) —av(X) =0, — da
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for all @ € Ok.
Reversing the computation, one can also see that any such v defines a x-isomorphism
f, between F' and F’ by the formula

f(X) =X +ev(X)F (0, X).

If we want the classes of F' and F’ to be the same, then we should mod out by
(A"} 6!) — (A, b4), i.e., this should be a “symmetric 2-coboundary”. Thus we define
a symmetric 2-coboundary (on F') to be a symmetric 2-cochain of the form

WX 4+rY)—v(X)—vY),viar(X)) —av(X))

a€Qk *

One checks that any symmetric 2-coboundary is a cocycle.
Now we can define the second symmetric cohomology group (of F ﬂ

H*(F,G,),

to be the R-module of symmetric 2-cocycles modded out by the sub-R-module of
symmetric 2-coboundaries.
From our above discussion we get:

Proposition 2.2.4 ([GH94][Prop. 7.2]). Let F' be a 1-dimensional formal Ok-
module law over R. Then the set of x-isomorphism classes of deformations of F
over R[e] is canonically isomorphic to

H*(F,G,); ®p Lie F
and s therefore an R-module.

Proof. From our above discussion the only thing that might be unexpected about
the formulation of the proposition might be the occurrence of the Lie algebra of
F.

Recall that Lie F' is a rank 1 R-module with canonical generator D, where D is
the invariant derivation dual to

1
= ———dX
TR0
i.e. Dp = F1(0,X)——. Thus we have a canonical isomorphism

dx’
H*(F,G,)s ®p Lie FF — {*—isomorphism classes of F' over R[&?]},

n = (4,d,) @ k(0 X)i . FyX,)Y)=F(X)Y)+erA(X,Y)Fi(0, X +pY),
dX ar,(X) = ap(X) +erda(X)F1 (0,ap(X)), a € Ok

(2.10)

as claimed] "

Thus, we have successfully described the “tangent space” of the x-deformation
class functor of F' in terms of cohomology. This is an important step towards its
computation.

6The notation with the additive group is hitherto unmotivated; in the next discussion about
extensions it shall become clear that the cohomology just defined is a particular case of something
more general (like every particular case).

"Be warned that the formula in [GH94][Prop. 7.2] differs from ours by a mistake.
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Extensions

The symmetric cohomology turns out to appear in a more general context: namely,
that of extensions.

Let F and F’ be formal Og-modules over R. An eztension of F by F' is a
formal Og-module F together with a short exact sequence of formal Og-modules

0 FSESF S0, (2.11)

that is, we have a sequence of morphisms like above, such that for every complete
adic R-algebra A, the sequence of Og-modules

0— F'(A) - E(A) —» F(A) —» 0 (2.12)
is exact.

Remark 2.2.5. In [GH9JJ[§6] short exact sequences are defined differently: they
require that the induced sequence on the Lie algebras (or equivalently, on the in-
variant differentials) is exact. This is equivalent to our definition:

1) suppose the sequence 15 short exact according to our definition. We want
to show
0= Lie ' % Lie E 2 Lie F — 0 (2.13)

1s exact. For this, let p C R be any prime ideal. It suffices to prove
0— R,®LieF' - R,®LieE - R,®Lie FF — 0

1s exact, but this is just the sequence of Lie algebras one obtains when view-
ing the formal Ok -modules as defined over R,. Therefore, we may assume R
18 local, with, say, mazximal ideal mg and residue field kg, given the discrete
topology. Now, kg is certainly reduced, whence the sequence tensored by
kr 1s the same as

0 — F'(kgle]) — E(krle]) — F(kgle]) — 0,

which is exact by our assumption.

Since the R-modules in |2.15 are all finite free, the maps are given by matrices.
We can lift a splitting s: F(kgle]) — E(krle]) to a matriz §: Lie F' — Lie E.
The determinant of By 0§ is a unit modulo mg, so it is a unit in R, whence [,
is surjective. Similarly, one shows «, is injective, and thus Lie F' & Lie F' is a
direct summand of Lie E. We conclude by comparing dimensions.

2) for the other direction, assume is exact. Choose objects R[X'], R[Y],
R[X] representing F', E, and F respectively. Then we have a sequence corre-

sponding to[2.11]:
R[X'] < R[Y] «+ R[X].

Choose a splitting of R-modules

wWE) 2 w(F") ®w(F), s: w(F') — w(k).
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By the classical description of the Lie algebra as a tangent space we can
view s as a morphism

1 (X)/(X)? = (X)/ ()"

We can lift s to a continuous R-algebra morphism R[X] — R[Y], this gives
us a compatible splitting

RIX', X] = R[Y],

and from here on one can easily get a set-theoretic splitting of the sequence

[2.13 for every A. Thus is exact for every A.

It turns out that the symmetric cohomology can be generalized and that it can
then be used to classify extensions.
Let F and F be formal Og-module laws over R again, of dimensions n and n’
respectively.

Definition 2.2.6. The symmetric 2-cohomology on F' with values in F’ is defined
firstly by the following type of objects, all naturally forming O -modules using the
formal O -module structure on F':

e A symmetric 1-cochain (on F with values in F’) is a n'-tuple of power
series in n variables over R without constant terms, i.e., an element of

R[Xi,..., X.]".

e A symmetric 2-cochain is an ordered list (A(X,Y),04(X)) 0, of n'-tuples
of power series without constant terms, where the X and Y both denote n
variables.

e A 2-cocycle is a 2-cochain (A, d,) satisfying

A(X,Y) =AY, X),
AX,Y) 41 AX 42 Y, Z) = A(Y, Z) 4+ AX,Y +5 2),
Oa+5(X) = 0a(X) +5 6(X) +r A (ap(X),br(X)),
6a(X) +r7 0a(Y) +r A(ap(X),ar(Y)) = ap (A(X,Y)) +p 6a(X +£Y),
dab(X) = ap (0(X)) +5 64 (br(X)) -

e The coboundary of a 1-cochain v(X) = (1 (X),...,vw (X)) is the 2-cocycle
given by

oV(X) =v(ar(X)) —p ap (¥(X)), a € O.

The second symmetric cohomology group on F' with values in F’ is the R-module
H?(F,F"), obtained by modding out the R-module of 2-cocycles by the sub-R-
module of 2-coboundaries]

8Note that with this definition the first cohomology group will be Hom(F, F’), so it should
not surprise that the second homology group classifies extensions of ' by F”.
Usually, however, it is the zeroth cohomology that gives Hom(F, F’). Now one might wonder
what the zeroth cohomology group is in this case, but the answer is disappointing: there is no
zeroth cohomology. It would make more sense to shift all the dimensions by 1, but this is not
the convention in the literature on symmetric cohomology|[Mac50|, therefore we do not do this.
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As is clear from the definition, the previously defined cohomology was the spe-
cial case where F' is 1-dimensional and F’ = G,, in which case the cohomology
group turn out to even have an R-module structure.

Given an F’-valued symmetric 2-cocycle n = (A,d,) on F, we can define the
following extension of F' by F’:
E, (X, X), YY) =FX,Y)+r AX)Y), F(X,Y)),
0, (X' X) = (ap(X') + 0 8a(X), ap(X))

The cocycle relations precisely mean that the above defined F,, is a formal Og-
module law. The formal Og-module E, sits in an obvious short exact sequence

0—-F —-E,—-F—=0

and thus defines an extension of I’ by F’.

Now suppose 1 = (A’, §),) is another 2-cocycle, defining another extension, E,,. If,
n and i’ are cohomologous, that is, if their difference n —n’ = dv is a coboundary,
then we can define an morphism of formal Og-modules

for By = Ey, (X, X) = (X' —p v(X), X).

This morphism is in fact an isomorphism: indeed, f_, is its inverse. The isomor-
phism is even an isomorphism of extensions: that is, the following diagram

0 > F > I, » I > 0
l [ lid
0 y F » By > I > 0

commutes. Again, the computations are reversible, and it turns out that F, and
E,, are isomorphic extensions if and only if  and 1’ are cohomologous.

Let us denote the set of isomorphism classes of extensions of F' by F’ by Ext(F, F").
So far, we have seen that H?(F, F’) can be identified with a subset of Ext(F, F").
This turns out to be an equality: indeed, we have essentially shown in Remark
that on any extension F we can choose coordinates such that £ will be given
by a formal Og-module law E,, for some cocycle 7. This gives us:

Proposition 2.2.7 (|[GH94][Prop. 6.5]). The symmetric F'-valued 2-cohomology
group on F' is in bijection with the set of isomorphism classes of extensions of F
by F':

H*(F, F') = Ext(F, F").
This gives Ext(F, F") the structure of an Ox-module.
In the case dim F' =1 and F' = G, this even gives Ext(F, F") the structure of an
R-module, and Ext(F,G,) classifies the first order deformation classes of F.

2.3 The height

We will be mainly interested in the “height” of the formal Ox-modules we will
deform. Therefore, let us define this concept.
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Let F be a 1-dimensional formal Og-module law over a field extension ¢/k.
Since char £k = p > 0, we can apply the Frobenius field automorphism z — z? to
the coefficients of F' to obtain a new formal group law over ¢ denoted by F®. We
write F®") for the n-th iterate of this construction?

Now let G be another 1-dimensional formal Ox-module law over ¢ and let f: F —
G be a morphism. Suppose f/(0) = 0. Then

s
Fy (0, (X))
Since F} (0, f(X)) is invertible, it follows that f'(X) = 0. Thus f(X) = g(XP?) for

some power series g € ([X]. It is not hard to see that ¢ is a morphism of formal
groups

F? -G

Repeating the argument, we find that either f = 0 or f(X) = g(X?") for some
n and some g with ¢’(0) # 0. We claim that in the last case p" is actually a
g-power: indeed, the first non-zero coefficient of f is the one corresponding to
XP": letting ¢ € Ok be a primitve ¢ — 1-th root of unity and remembering that
(r(X) =(5(X)=(¢X mod (X)? one obtains from the identity

f(Cr(X)) = (e (f(X))

that ¢*" = (, i.e., the order of Frobenius in Gal(k/F,) divides n, so p" = ¢" for
some integer h.

Definition 2.3.1. For a morphism f: F' — G of 1-dimensional formal Ok-
modules over @ we define the height of f to be the maximal h € Z>y U {oco}
such that there is a power series g with

f(X) =g(X™).

More generally, we define the height of an endomorphism of 1-dimensional formal
Ok -modules over a complete Noetherian local ring R to be the height of the endo-

morphism modulo the maximal ideal mpg.
We denote this by ht f := h. We note that ht f =00 <— [ =0.

Definition 2.3.2. Let F' be a 1-dimensional formal Og-module over a complete
local Noetherian Ok-algebra R. Its height ht F' is defined to be the height of the
endomorphism mp[]

Example 2.3.3. The height of the additive formal Ox-module over { is oo.
Example 2.3.4. The formal Z,-module over Z, of Example is of height 1.

9Note that this is in general not a formal Og-module, because the n-th power of Frobenius
might not fix k.

10The index of the first non-zero coefficient of f is independent of a choice of coordinates, so
this is indeed a property of morphisms between formal Og-modules, rather than just of formal
Og-module laws.

HEven though we keep the uniformizer 7 fixed, note that the height if actually independent
of the choice of uniformizer.
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Note that for any h € Z-oU{oco} there actually exists a formal Og-module
over ¢ of that height: we can use the ring Ap, to construct such a formal module.
Indeed, the map

0, when i < ¢" — 1
AOKgOK[tl,t%'--]_)g;ti'_) 17 Wheni:qh_l

whatever, when i > ¢" — 1

defines a formal Og-module of height h.
Also note that for two 1-dimensional formal Ox-modules F' and G over ¢ of different
height we have

Hom(F,G) = 0. (2.14)

Indeed, the height of the composition of two morphisms, is the sum of their heights.
More generally, is true when R is a complete local Noetherian Og-algebra,
under the assumption that ht F' < oo, by the following lemma:

Lemma 2.3.5 ([GH94][Lemma 4.1]). Let F and G be 1-dimensional Ok -modules
over the complete Noetherian local Ok-algebra R, where F is of height n < oo.
Write F and G for their reductions modulo mp. Then the reduction of morphisms
map

Hom(F,G) — Hom(F, G)

18 1njective.

Proof. Suppose f: F' — G is a morphism with coefficients in mg. By induction on
n we prove f has coefficients in m’;,. The case n = 1 is true by assumption. Now
suppose it has been proven that f has coefficients in m% for some n > 1. Then
740 f has coefficients in m’5"™, that is, f o7 has coefficients in m%™. Since F has
finite height, we see this implies that f itself lies in m%“.

We have proven by induction that f has coefficients in the intersection of all powers

of the maximal ideal of R, and therefore equals 0. |
Over ¢ we have a nice characterisation of infinite height formal Og-modules:

Proposition 2.3.6 ([Dri74][Prop. 1.6]). Let F be a 1-dimensional formal Ok-
module over {. Then
ht FF =00 <— F = G,.

Before we give the prove, let us state the following technical lemma, whose
proof is an immediate computation. It will allow us to inductively construct the
isomorphism of the above lemma.

Lemma 2.3.7. Letn > 1 and F a 1-dimensional formal Og-module law over an
Ok -algebra R. Suppose f € R[X] is equal to X — rX™ + higher order terms then

FF(X), () =FXY)—r(X+Y)"=X"—Y") mod degree n+ 1,
flar (F71(X))) = ar(X) —r(a” —a)X™ mod degree n + 1,

for all a € Ok.
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Proof of Proposition |2.3.60. The right to left direction is immediate.

Assume F is of infinite height. Assume (F,ap) = (G,,ag,) mod degree n. By
Corollary if n is not a g-power, we can do, by means of the above lemma,
a change of variables on F' such that (F,ar) = (G,, ag,) mod degree n + 1 after
this change of variables. If n is a g-power, it follows from Proposition that
(F,ar) = (Gy,a6,) mod degree n + 1 already.

This way, we can inductively construct the sought after isomorphism. |

Remark 2.3.8. Note that in exactly the same way one shows that on a 1-dimensional
formal O -module F' over { of height h one can choose coordinates such that

(F,ar) = (Gq,ag,) mod degree ¢".

Corollary 2.3.9. Let R be a k-algebra and F' a “1-dimensional formal k-module
over R” (definition obvious), then F is isomorphic to the additive “formal k-
module”.

Proof. Indeed, k is a k[r]-algebra by sending 7 to 0 and F' is then a formal k[r]-
module in the obvious way, of height oo and therefore additive. |

Definition 2.3.10. A 1-dimensional formal Og-module law F over ¢ of height h
is called normal if T7p(X) = X" and

FX,Y)=X+Y, ap(X)=aX mod degree ¢"
for all a € Ok.

Remark 2.3.11. A normal height h formal O -module law F has coefficients in
Fun: indeed, F' and the ap all commute with mp(X) = X"

Proposition 2.3.12. Every height h formal Ok -module F' over a separably closed
¢ is isomorphic to a normal one.

Proof. We know 7p(X) = aX? mod degree ¢"+ 1 with a # 0. Taking b € ¢ with
a = b1, then after the change of variables T' = bX we may assume a = 1.
Then

7p(T) = T" + ¢T*" + higher order terms.

For e € £ set ¢ (T) :==T — eT* we have
¢e (mr (. 1(T))) = T + (e — e+ )T mod degree ¢"k + 1. (2.15)

Letting e € £ be a root of the separable Artin-Schreier polynomial X " _ X + c,
we may assume, after a change of variables by ¢., that ¢ = 0. Therefore, in good
coordinates we have 7p(T) = T9".
We have already ensured with these coordinates, that the coefficients of F' and the
ap are in [Fn. Therefore, if we now use the change of variables of Proposition m
to ensure that

(F,ar) = (Gg4,ag,) mod degree ¢",

we will still have 7 of the required form, by the computation [2.15 |
Proposition 2.3.13 (|Dri74][Prop. 1.7]). Two height h formal O -modules F' and

G over a separably closed { are isomorphic.
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Proof. By the preceding proposition we may assume both are normal. We can use
Lemma to inductively construct an isomorphism f € F,»[X]. Note again
that these kind of isomorphisms (with F r-coefficients) respect normality.

We take care of the degree not a g-power as in the proof of Proposition [2.3.6] If
now n is a g-power and

(Fyar) = (G,ag) mod degree n,
it follows from Proposition and the fact that 7x(X) = 7g(X) that
(F,ar) = (G,ag) mod degree n + 1,

so this case is automatically taken care of. |

2.4 The Lubin-Tate deformation functor

Now, we can finally define the Lubin-Tate deformation functor.
Let F' be a 1-dimensional formal Og-module law over k of height h satisfying

(F,az) = (Gg,ag,) mod degree ¢"

and .
m#(X) = X9 mod degree ¢" + 1. (2.16)

Then, under the assumption of Remark that Oklty,ta,...] — Ao, sends
t,—1 to m, for g-power n, we see that F' corresponds to a morphism

ffi OK[tl,tQ,...] — k (2]_7)

that sends ¢; to 0 whenever i < ¢" — 1 and tgn_y to 1.

We let C be the category of complete local Noetherian Og-algebras, where the
morphisms are continuous (and thus local) Og-algebra morphisms. Note that for
any R € C the category Cg defined in Section is a full subcategory of C.

We define the deformation functor corresponding to F by

Def: C — Set, R — {x-isomorphism classes of deformations F of F over R}.

Note that in this definition it is understood that F equals F modulo mp, the
maximal ideal of R.
Our aim is to prove that Def is represented by the complete Noetherian local
Ok-algebra

OK[[ul, e uh_l]].

To prove this, we will show that if F is a deformation of F over R, the R-module
H?*(F,G,), of first order deformation classes over R|[e] is free of rank h — 1. In
particular, for R = kp we obtain that the tangent space of Def|c, over kg is
h — 1-dimensional. It then follows from Schlessinger’s deformation theorem that

Hom(Ok[uy, ..., up-1], —)|c, = Hom(R[uy, ..., up_1], =) = Def |c,.

here the first homset is of continuous Og-algebra morphisms and the second of
continuous R-algebra morphisms.
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From the above equation it is not hard to conclude that Def restricted to the cat-
egory of local Artinian Og-algebras is prorepresented by O [us, ..., up—1]. Then
one concludes with the observation that R/m? is local Artinian, for any n, and
that

Hom(Okuy, ..., up1], R) = T&nHom(OK[[ul, ooy up—1], R/m%)
= lim Def (R/mj) (2.18)
= Def(R),

where the last step requires a small argument (Claim [2.4.3)).

Computation of H%(F,G,),

Theorem 2.4.1 ([LT66][Prop. 2.6], [GH94|[Prop. 9.8]). Let F be 1-dimensional
Jormal O -module over the complete local Noetherian Ok-algebra R, such that F
mod mp is equal to F. Then the symmetric 2-cohomology H*(F,G,)s is free over
R of rank h—1 and has a basis represented by cocycles (A, 8a;) fori € {1,...,h—1}
satisfying

Oni = X7 + (higher order terms) mod mp fori € {0,... h—1}. (2.19)

Moreover, if (A1,00.1),- -, (Ap_1,0an-1) are cocycles satisfying the above equation,
then they represent a basis.

Proof. Let us first explain how the cocycles are obtained. _

Let fz: Oklti,t2,...] — R be the morphism corresponding to F (we are still
making the assumption of Remark. For each ¢ we deform this to a morphism
fﬁl : OK[tth, .. ] — R[E] by

Fot o fe(t;)+e, fj=q¢ -1
g 7)), else '

These morphisms correspond to first order deformations Fiof F , which in turn
correspond to cocycles (A;,d,,), for i € {1,...,h —1}. By we have the

following formula:
_ mp(X) —mp(X)

om0 = 0, (X))

Since F' reduces to F modulo mp we see that
T (X) —7mx(X) = eX? + (higher order terms) mod mp. (2.20)
Therefore, we conclude that for all ¢ € {1,...,h —1}
Opi = X7+ (higher order terms) mod mg.

It remains to show that when (Aq,041),...,(Ap_1,0an-1) satisfy they form

a basis. Let us first show they span.
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We make the following observation. Let n = (A,d,) is a cocycle and ¢,m > 1
(they might be c0), such that

n=0 mod mfy,degree /.
Then we consider the formal Og-module ﬁ? over R/m}; defined by

F(X,Y)=F(X,Y)+eAX,Y)F,(0,X +zY) mod mp,
ag, (X) = ap(X) +€0,(X)Fy (0,a5(X)) mod m%, a € Ok.

We apply Corollary [1.4.5] to ﬁn and F to find that:

AX,Y)= AX YR, X +5Y)=c(X+Y)" = X" —Y"™)  mod my, degree £ + 1,

5.(X) = 6,(X)F, (0,a5(X)) = c(a” —a)X™ mod mf, degree £+ 1,
(2.21)
for some ¢ € R, when ¢ is not a ¢g-power; and, when ¢ is a g-power

AX,Y)=A(X,Y)F (0, X +zY) = CBCg(X, Y) mod mY,degree ¢+ 1,
7r

~ e _
0a(X) = 6.(X)F1 (0,ap(X)) = CMXZ mod m';, degree £ + 1,
T

(2.22)
for some ¢ € R again.
Now one checks the following computation of coboundaries, modulo the maximal
ideal and higher order terms, for alln > 1,5 > 0:

OX"=((X4+Y)" = X" =YY" (" —a)X"),co,, mod mp, degree n + 1,
) j+h . .
X7 = ¢ (%C’th(X, Y), %X‘?ﬁ}) mod mp, degree ¢/ " 4 1,

a€O0k

(2.23)

for certain c¢; ¢ mpg; the first equation is immediate and the second follows from

the facts that X is an endomorphism of G, and that F mod mpg is additive up
to degree ¢" — 1 from which it follows that

XY =0 mod mpg,degree ¢"t7;

from here we can use with ¢ = ¢"*; finally, to see that the coefficient ¢; is a
unit, observe that

5, X7 = (Wﬁ(X))qj —7X? = X" mod mp, degree ¢"t7 + 1.

We are ready to prove the classes of the 7; == (A;,0,,) span the 2-cohomology.
Let n = (A, d,) be any cocycle now. Inductively on the degree, we can construct,
by 2.19 and [2.23| an infinite linear combination of the n;’s, 0X™’s, and 60X g
whose difference, 7', with n has coefficients in mg. Then, again inductively on the
degree and by and [2.23] we construct an infinite linear combination of the
0i, 0X™, 60X, with coefficients in mp, whose difference n” with 1’ has coefficients
in m%. Going on like this, we find in the limit an infinite linear combination of 7;
and coboundaries that is equal to 7:

m=n)+0 =1+ =n
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This proves that the classes of the n; span.
Finally, we prove independence of the ;. Our description [2.23] of coboundaries
modulo mp and shows that if a linear combination

Z Ai);

is a coboundary, then all \; belong to mg. Then it follows that these coboundaries
themselves must have coefficients in mpg. From and again, it must then
be that the )\; belong to m%. Et cetera... Thus all )\; are 0. This finishes the
proof. |

Def is represented by Oflfuy, ..., up 1]
Let R be any complete Noetherian local Og-algebra.
Proposition 2.4.2. The functor Def |¢,, satisfies the Mayer-Vietoris property.

Proof. Indeed, let A — C' < B be a diagram in Cgr. We must show that the
natural morphism

Def(A Xco B) — Def(A) X Def(C) Def(B)

that sends the class of a deformation F over A X o B to the pair of classes of the
base-changes pr,, F" and pr, F', to A and B respectively (so pr;: A x¢c B — A and
pry: A X¢ B — B are the projections).

First, let us prove injectivity. Suppose two deformations Fand F " over A x¢ B
are sent to the same pair. Then we have %-isomorphisms ¢;: pr; F' — pr, F’ for
i € {1,2}. After base-change to C' they become the same, because by Lemma

there is at most one x-deformation between the base-changes of /" and I over C.
Therefore ¢ X g is a well-defined *-isomorphism from F = (pry, F, pry, F') to
F' = (pry, F’, pry, F') over A x¢ B. This proves injectivity.

To prove surjectivity, let F; and F, be deformations over A and B, respectively,
that give the same deformation class over C'. Let ¢: F} — F5 be a x-isomorphism
over C. We can lift it to a ¢/(X) € XA[X] and we may assume F; equals

gp’(ﬁl (¢ HX),¢1(Y))). But then Fy and F} are the same over C, whence they

glue to a deformation F' over A X B. This proves surjectivity. [ ]

Formal smoothness of the deformation functor follows from the description of

Ao, as a polynomial ring. Therefore, Theorem applied to kp shows that

K
Hom(R[uy,. .. ,up-1], —) = Def |c,
by Schlessinger’s deformation theorem.

Claim 2.4.3. For any complete Noetherian local Og-algebra S, we have

Def(S) = lim Def (S/ms).
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Proof. Suppose we have, for every n > 1, x-isomorphic deformations ﬁn and ﬁ,’L of
F over S/m% such that

(Fn-i-lvaﬁnﬂ) = (Fn’aﬁn)’ (F;H-l?aﬁr’bﬂ) = (Fr/waﬁ,’) mod mg’

Our claim is proven if we can show that the deformations “lim,, . ﬁn” and
“lim,, o F” of F over S are x-isomorphic as well. This is true: Lemma
implies the x-isomorphisms between the ﬁn and ﬁ,’L are all unique. Hence, they are
all compatible and can be lifted to a *-isomorphism over S. |

It now follows from that Rfuq,...,us_1] represents Def restricted to the
category of complete Noetherian local R-algebras with residue field kr. In par-
ticular, by the Yoneda lemma, there exists a universal x-isomorphism class of a
deformation of F over R. Let Fr be a representative of this class.

Remember that F comes from the morphism fz as defined in . In Theorem
2.4.1| we have seen that, for i € {1,...,h — 1}, the deformations F* of F over k[e],
corresponding to the maps

L )Rt e ifj=g -1
frsty {fF(tj)a else (2.24)

span the tangent space of the deformation functor Def. To be more precise: they
span the tangent space over kg of the restricted functor Def |¢,, for any R € C.
Since FJ, is universal, there is an endomorphism ¢ of Ru] = Rfuy,...,us_1] such
that o, Fr equals Fo, , which is the universal deformation over Ok [u]. (We view
Fo,
because the F" are specializations of Fp,., it follows that ¢ induces a surjection
on the tangent spaces over kr. This surjection is an endomorphism of the tangent
space, which is of finite dimension, and thus an isomorphism. Therefore, ¢ must
be an isomorphism as well.

For any complete local Noetherian R-algebra A with residue field kg, the compo-
sition

as an element of RJu] via the canonical morphism Og[u] — R[u].) And

Hom (O [u], A) = Hom(R[u], A) —% Hom(R[u], A) = Def(A)

is an isomorphism sending a morphism f: Og[u] — A to the x-isomorphism class
of the deformation

(f@)*ﬁR - f*ﬁOK'

It follows that the unrestricted deformation functor Def from to category of com-
plete local Noetherian Og-algebras to the category of sets is represented by

OK[[ul, ce 7uh_1]].
That is,
Def = Spf Ok uq, ..., un_1]
and we have a universal deformation Fu., = ﬁoK of F over Oxlus, ..., up—1]-

The following will be useful in the future:

Proposition 2.4.4. The coefficients of X1,..., X7\ in g

univ generate the max-
imal ideal of Ogluy, ..., up_1].
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Proof. The maximal ideal is (7, u1, ..., u,_1), SO we need to prove the ideal gener-
ated by the coefficients contains each u;. We know that the first order deformations

F' from span H%(F,G,),, the tangent space to Def.
From [2.16] and 2.20] it follows that

mpi(X) = eX? + (higher order terms).

By the proof of Schlessinger’s deformation theorem the deformation ' corresponds

e, wheni=yj ,

to the morphism Og[us, ..., up—1] = klg], u; — 0’ | J . Since the F
, else

are all specializations of F' — univ it follows that the u; are contained among

the coefficients modulo (7, us, ..., us_1)% The result follows by an approximation

argument. |

The formal spectrum Spf Ok[ui, ..., up-1] is called the (level 0) Lubin-Tate
space associated to F' and is also written as

Mz,
or, when F is understood, simply as
M.
In the next Chapter we will define the higher level Lubin-Tate spaces.

2.5 (Og-typical modules

This section and the next are “bonus” sections, that is, they are not necessary
for the next chapter. The reader who is only interested in the higher levels of
Lubin-Tate spaces is recommended to go straight to the final chapter.

In [GH94][§5] a specific universal deformation is given that has nice compu-
tational properties, this formal Og-module they call an “Og-typical module”. It
generalizes a nice normal form which can be obtained from Corollary[2.3.9; namely,
any 1-dimensional formal k[7]-module F is, as a “formal k-module” isomorphic
to the additive group, and thus has the following form under good coordinates:

FIX,Y) =X +Y,
(r(X) =C(X, €k,
mr(X) = 77X—}—Zaini.

>0

(2.25)

In mixed characteristic, life is a bit harder, but theory from [Haz78] comes to the
rescue.

Hazewinkel’s universal Og-typical module

Let f be the unique power series with constant term and with coefficients in

Kv] = K[vy,vs,...] satisfying the “functional equation”
V; i i
X)=X —fla)(xa
FO0 = X+ 32O
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where we adopt the convention that for a power series g with coefficients in K[v]
the power series ¢{?) is the power series obtained from g by replacing each v; by

’U?L. For any ¢ — 1-th root of unity ¢ one has f(¢X) = (f(X), and thus the series
is of the form ‘
FX) =) b X7

By induction one proves the following formula for the coefficients:

y4
= Y [ e (2.26)

0<e<k,  j=1

which is a horrible formula but at least allows us to see that

f(X)=X+ Uk xd* 4 (higher order terms) mod (vy,...,v5_ 1) (2.27)
T
and that 7%, € Og|v].

We set
FX,Y) = (f(X)+ f(Y)),
ap(X) = [ (af(X)), a € Ok,

which defines a 1-dimensional formal Og-module law over K[v]|. By construction,
its logarithm is f. It turns out that:

Proposition 2.5.1. The 1-dimensional formal O-module law has coeffi-
cients in Oglvy,va, .. .].

(2.28)

Proof. Hazewinkel proves this for f satisfying general “functional equations”, see
[Haz78|[§2]. In our less general case, the proof is simpler, at least in terms of
notation. Let us show F' has integral coefficients, and leave the case of the ar to
the reader.
Since f((X) = (f(X) for all ¢ — 1-th roots of unity ( € Ok, the same is true
for the inverse f~!. Therefore F((X,(Y) = (F(X,Y), and thus all the non-zero
homogeneous parts of F' are of g-power degree.
Write

F(X,Y)=Dy(X,Y)+ Di(X,Y)+ Do( X, Y)+ -+,

for the decomposition of F into its degree ¢° homogeneous parts D;. By induction
on n we will show that the D,, has integral coefficients. The case n = 0 is easy.
Suppose n > 0 and that the D; are integral for i < n.

Firstly, note that for » > 1 we have

F'=(Dy+---+4 D,—1)" mod degree ¢" + 1. (2.29)

Secondly, not that for ¢, 5 > 0, we have, by the classical

=y modp® = 2 =¢” mod p*,

that

(Do(X,Y) + -+ + Do 1 (X, V)" =
he R | (2.30)
<D[(]q )(qu7yq]) +...4 DY %(Xq],Yq])> mod 7 Ok [v].

n—
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Combining and gives us, for ¢ > 0 and 7 > 1 that

i+J

F(X, V)" = FO(XY v)  mod 7' Okv], degree ¢" + 1. (2.31)

Now consider

FOO+ fY) = f(FXLY)) = FOCY) + Y 2 S o p(x, Y)Y,

- -
j>1 i>0

where the last step is by the “functional equation”.
Since, as discussed above, 7'b; € Ok |v] for every i, we get from [2.31] “ 1| that

ﬁbz(»qj)F(X, y) = —Jb(q])F(q])(XqJ YY) mod Olv], degree ¢" + 1.
T 7r
This gives
FX)+ I (V) = FX,Y) + 3 2 S b0 P (xe vy
]>1 >0
= F(X,Y) +Z = plal) ( F@)(x?, an)> mod Ok v], degree ¢" + 1.
]>1

Finally, notice that f (F(X,Y)) = f(X) + f(Y) implies

f(qj) (F(qj)<X7 y)) _ f(qj)<X) _|_f(qj)(y>‘

Therefore, using the “functional equation” in the last second to last step, we find

O+ F) = FXY) + 30 2 (F00 (X7 + Fo0(vo))

EF(X,Y)+f(X)+f(Y) -X-Y
=f(X)+fY)+ F(X,Y) mod Oglv],degree ¢" + 1.

Thus, we see that F(X,Y') has integral coefficients up to degree ¢", from which
we obtain integrality of D,,, which is what we wanted to show. |

The formal Og-module law F' is called the universal Og-typical module. This
is because we define an Og-typical module over an Og-algebra R to be a spe-
cialization of F' via a morphism Og[v] — R (and this morphism is unique,
[Haz78|[§21.5.5]). Thus, F is universal by definition of Og-typical modules.
There is also a better reason to call F' “universal”: every 1-dimensional formal
O-module happens to have Og-typical coordinates, see [Haz78|[§21.5.6].

The Lubin-Tate space associated to an Og-typical module
over k

Recall equation f(X) = X—i—”;’“qu—i—(higher order terms) mod (vy,...,Vk_1).
From this equation, we get a similar one for the inverse of f:

1 X)=X - %qu + (higher order terms) mod (vy, ..., vg_1).
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From here, it is easy to see that
m0(X) = 7 (rf(X)) = 7 X +up(1—7% 1)+ (higher order terms) mod (vr, ... v5_1),
and thus that

7r(X) = v, X" + (higher order terms) mod (7, vy, ..., Ve 1). (2.32)

Now, let F, be the Og-typical module over Oglfuy, ..., up—1], which is the spe-
cialization of F' with respect to the morphism

Oklv] = Okluq, ..., up1],
u;, ifi1<h
vi—1l, ifi=nh
0, ifi>h.

It is a formal Ox-module of height h, as is seen from 2.32] From equation [2.2
one also sees that its reduction F' modulo the maximal ideal (7, uy,. .., uy_1) is
additive modulo degree ¢".

Therefore, we are in the situation of the last section, Section 2.4, We know from
this section that the Lubin-Tate deformation functor associated to F is represented

by Ok [u] = Ok us, ..., up—1]. ,
By [2.32 we know that F, has specializations F' over k[g] of the form

7ri(X) = X7 + (higher order terms)

fori € {1,...,h—1}. The first order deformations F' correspond to cocycles that
form a basis for H*(F,G,), by Theorem [2.4.1]

Thus, as in the proof of representability of Lubin-Tate space, the morphism O [Ju] —
Ok [u] giving F, as specialization of the universal deformation F,, of F, is ac-
tually an isomorphism, as it is an isomorphism on the tangent spaces. That is,
the Og-typical module F, is a universal deformation of F. In particular, every
deformation of F' (over a complete Noetherian local Ox-algebra) is x-isomorphic
to an Ok-typical one.

The universal deformation £}, is nice to work with, but of course it can only be used
when studying the deformations of an Og-typical module over k. By Proposition
, after base-changing to k, every height h formal Ox-module over k becomes
isomorphic to the Og-typical F. For this reason, studying the deformation theory
of an Og-typical module is, for most purposes, general enough.

Remark 2.5.2. We already note one nice property of F,: its reduction F is nor-

mal, that is 7x(X) = X9". (By we already know that F is additive up to
degree ¢" —1.)

Proof. Indeed, consider the specialization Fy of F), obtained from the morphism
Ok[u] — Ok with kernel (u). By the “functional equation” its logarithm g(X)
satisfies g(X) = X 4+ n1g(X?"), whence

g(X)=> aix".

>0
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Now we prove by induction that
TR (X) = X% 4 7P(X) mod degree n

for some P(X) € Ok[X] and where n > ¢". The case n = ¢" + 1 follows from
2,02
Assume that we have proven the claim for some n > ¢". Then write

TR (X) = X" +7P(X) 4+ aX™ mod degree n + 1

for some a € Og. We want to show a € 1Ok. Applying g to both sides of the
congruence gives, modulo degree n + 1,

mg(X) =g (Xq” FrP(X) + aX”)
= X7 4 7P(X) +aX"+ Y 7 (th +rP(X) + aX”) )

>0
= X7 4 7P(X) +aX"+ Y 7 (th + WP(X))

1>0

qih

By Newton’s binomium

. h h .
r=y modn = 27 =y? mod rt!

for all z,y € Og[X]. Therefore, we find that

ih

(x7 + wP(X))q = X" mod 7 OK[X].
This gives us, modulo degree n + 1 and modulo 71Ok [X], that

Wg(X) = th +aX™+ Zﬂ__in(z‘Jﬂ)h
>0

=mg(X) —7X +aX".

It follows that o € mOf, which finishes the proof. [ |

2.6 The Gross-Hopkins period morphism

In Theorem we computed the dimension of H 2(}?’ ,G,)s for a deformation F
of a height h formal Og-module F/k over an arbitray complete Noetherian lo-
cal Og-algebra R. This was not necessary in order to compute Mz ,: to apply
Schlessinger’s deformation theorem one only needs to know the second symmetric
cohomology H?(F,G,), over the residue fields k. It was also not necessary for
the next chapter of this thesis. However, the computation of the general second
cohomology with values in G, is very useful in the study of Lubin-Tate spaces as
it is a necessary step in the construction of the Gross-Hopkins period morphism.
In this section we will give a sketch of the construction of this morphism as done
in [GH94]. We warn the reader that this section will be a very rough summary
and therefore lack greatly in terms of details.
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The utility of the more general computation of the symmetric 2-cohomology
lies in the far-reaching consequences of Proposition that

H*(F,G,), = Ext(F,G,).

Namely, setting M := Hom (Ext(f ,Ga), R), one can define the h — 1-dimensional

Og-module N
V(F)=G,® M,

which is given by the natural structure of an Og-module object on the S=!M-adic
completion of the R-algebra of symmetric powers S°M @ S*M @ --- . Then
Ext (F,V(F)) = H*(F,G, ® M),

>~ H*(F,Gy,)s @ M

=~ Ext(F,G,) @ Hom (Ext(F,G,), R)

= End (Ext(ﬁ, Ga)).
Let _ _ _

0—-V(F)—=EF)—>F—0

be the extension corresponding to the identity of Ext(ﬁ ,G,). Then one has canon-
ically that Ext(F,V’) C Hom (V(F),V’) for any additive formal O-module V'

over R. Therefore, any additive extension of F'

0V - E 5 F—0
corresponds to a morphism g: V(ﬁ ) — V', which induces a morphism i: F (ﬁ ) —
E’. Together, they are unique morphisms such that the following diagram com-
mutes:

0 —— V(F) —— BE(F) > F > 0

bl

0 s V! s EY s s 0

That is, E(ﬁ’) is the initial object of the category of additive extensions of F.
It is called the universal additive extension of F and also the universal vector
extension.

There are many reasons E(F ) is interesting. One is that the free rank h R-
module of invariant differentials w(E (]5 )) has an interpretation as the R-module
of rigidified extensions of F by G RigExt(}N? , G,), which is the set of isomorphism
classes of extensions 0 — G, - E — F =0 together with a splitting of the
induced short exact sequence of Lie algebras. Equivalently, RigExt(ﬁ ,Gg), and

therefore w(E (F )), can be seen, a la Proposition m, as the set of x-isomorphism
classes of first order deformations F of I over R[e] together with an invariant

differential w of F that reduces to the canonical basis element w 7= modulo ¢.

One can make things even more universal by applying the above construction to
R = Ogluy,...,up_1] and F = F,. In [GH94] F is Ok-typical and we can take
the good coordinates F,iy = [}, of the previous section.

To construct the period morphism, Gross and Hopkins enter the world of rigid
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analytic geometry: they show that the generic fibre of Mz, can be seen as a
“rigid analytic space” X = ./\/l%g0 over K |GHO94|[§18]. Then they describe how

one can view RigExt(F,, G,) = w(E(F,)) and its dual Lie E(F,) as “rigid vector
bundles” over X.

A very important aspect of their paper is that X and the considered vector bundles
over it have natural actions of the group Aut(F) of automorphisms of F over k.
We leave it to the reader to check that Aut(F) equals the unit group of the non-
commutative Og-algebra

End(F) = Ok [@],

where ®(X) = X1 is the g-Frobenius, satisfying ®" = 7 by Remark .

The actions of Ok|[®]* on X and Lie E(F,) are compatible, meaning that the
vector bundle is “equivariant” (this is also the case for the other vector bundles
that are considered in the paper). What does not hold for in general for the other
vector bundles considered, is that Lie E(F,) is “flat” [GH94][Prop. 22.4]. That is,
there is an h-dimensional K-vector space M with an action of Ok[®]* and an
isomorphism

LleE(FQ) = M ®K Ox

that respects the actions of Ok [®]*, letting it act diagonally on the left hand side.
The sequence of Lie algebras induced by the universal additive extension

0 — Lie V(F,) — Lie E(F,) — Lie F, — 0

is a short exact sequence of equivariant vector bundles over X (i.e., all three vector
bundles have actions of Ok |[®]* that are compatible with the action on X and the
above morphisms are equivariant for these actions). This yields an equivariant
surjection

M ® Ox = Lie E(F,) — Lie F,.

Since Lie F, has rank 1, this induces, by the universal property of (the rigid ana-
lytic) projective space, a morphism

TGH M%%o =X = P(M)=P"

of rigid analytic spaces over K, called the Gross-Hopkins period morphism.

The Ok|[P]*-action on M induces one on P(M) (coordinate-wise) and the period
morphism is seen the be equivariant for the actions on both sides. Gross and
Hopkins go on to prove it is étale, and surjective over K [GH94)[Prop. 23.5]. This
was actually proven already by Lafaille in 1978 [Laf79] (though in less generality,
when K has characteristic 0).

In the paper of Gross and Hopkins the Og-typicality of F,, is crucial at multiple
points. Firstly, it allows them to give a very explicit isomorphism

{9(X) € (Ok[u] ®o, K)[X]: g(0) =0,0g and ¢ are integral}
{9(X) € Ok[u][X]: g(0) = 0} ’

where d¢ is the coboundary of g as in Definition [2.2.6| and where we call a power
series “integral” if its coefficients are in Og[Ju] — this is |[GH94|[Prop. 8.5]. This
description allows them to prove flatness of the equivariant vector bundle Lie E(F,)
dual to RigExt(F,, G,). It also enables them to give a very explicit formula for

RigExt(F,, G,) =

20



the period morphism ([GH94][Eq. 23.6]), which ultimately can be yielded to prove
its étaleness and its surjectivity over K.

We would finally like to note that one can do the same constructions after base-
change to the unramfied degree h extension of K. Then Og[®]* gets replaced
by the automorphism group of F over F,n, which is the group of units of the
maximal order of D, the central division algebra over K of invariant 1/h, see
[Dri74][Prop. 1.7]. This is also done in [GH94]. From here on, one can get the
whole action of D*, by replacing Lubin-Tate space by countably infinite many
copies of itself, which is quite a standard thing to do, see [Ans21|[p. 92 below].
Then we still have the period morphism, and it is then D*-equivariant. At last, we
mention that this period morphism is one of the ingredients of Scholze’s functor,
which we mentioned in the introduction [Sch15].
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Chapter 3

The higher level Lubin-Tate
spaces

In the previous chapter we have seen that the Lubin-Tate deformation functor of
a height h < oo formal Og-module F over k is represented by

MF,O = Spf(?K[[ul, e 7uh—1]]~

One can thus think of Mz as the “open h — 1-dimensional unit disk”. In this
chapter we will define the higher level Lubin-Tate spaces, that are not as simple
anymore. In the end of the chapter, we show that “considering all levels at once”,
one gets a space which is of perfectoid nature in some sense. For this, we heavily
follow Weinstein’s paper [Weil0)].

3.1 Drinfeld level structure

The higher level Lubin-Tate spaces are defined by requiring some structure on the
m"-torsion parts of the deformations. Let us introduce some notation. For any
formal Ox-module F' over some Ok-algebra R and any n > 0, we let F/[r"| denote
the functor from the category of complete adic R-algebras CApr to the category
of Ox-modules that sends S € CApg to

Flr"|(S) ={xz € F(S): n"x = 0}.
The following definition is due to Drinfeld [Dri74][§4B]:

Definition 3.1.1. Let R be a complete local Ok -algebra with the mg-adic topology
and F a 1-dimensional formal Og-module over R of height h < oco. We define a
Drinfeld level 7" structure on F to be a morphism of Ok -modules

o: (17O /Og)" — F[r"|(R)
such that mp(X) is divisible by

I[I X —e@)

z€(r 10K /OK )"
in R[X].

The 1mages under such ¢ of the standard basis elements
(77™,0,...,0),(0,77™,0,...,0),...,(0,...,0,7 ")

are called a Drinfeld basis of F[n"] over R.
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Remark 3.1.2. Notice that x1, ..., xy is a Drinfeld basis for F[n"] over R if and

only if 7" Yz, ;7" Lay, is one for F[n"](R).

Remark 3.1.3. The word “basis” suggest perhaps linear independence between the
different elements making up a Drinfeld basis, but this is not the case! In fact, if
F is of height h and defined over k, then the wi(X) are equal to the product of
X" with a unit, and thus the only Drinfeld basis for Flr™|(k) would be 0, ...,0.

The following version of the Weierstrafl preparation theorem will be useful in
the study of Drinfeld level structures:

Proposition 3.1.4. Let A be an I-adically complete ring. Suppose n > 0 and
f=>"is0wX" € A[X] such that a, € A* and a; € I for alli < n. Then, for any
g € A[X] there is a Q € A[X] and an r € A[X] of degree at most n — 1 such that

g=Qf +r

Proof. Modulo I this statement is clear, because then f is the product of X™ and
a unit of A[X]. So now suppose 71 (of degree < n) and Q) are lifts of this solution
modulo I, that is, suppose they satisfy

g1 =9— (Q1f +r) € TA[X].

Again, on the A[X]-module TA[X]/I?A[X] the action of f is that of multiplica-
tion by X™ and by a unit, so we find ry € TA[X] (of degree < n) and Q2 € TA[X]
such that

g2 = g1 — (Qaf +12) € PA[X].

Going on like this, one finds the [-adically converging series
Q= ZQi and r = Zn,

which indeed satisty g = Q f + r by I-adic completeness. [

Corollary 3.1.5. If A is a complete local ring and n >0, f =3, a; X" € A[X]
such that a,, € A* and a; € my fori < n, then there is a monic degree n polynomial
P(X) € A[X] and a unit w(X) € A[X]* such that

f=uP.

Proof. Apply the preceding proposition to g(X) = X™ to find a polynomial r of
degree < n and a power series () such that X" —r = f@Q. Reducing modulo m4
tells us @) is a unit, whence we are done. [ |

Remark 3.1.6. From the above corollary it follows that, in the setting of the
corollary (with finite height!), F|r"] is represented by R[X]/(F,) and is finite free
over R. In fact, from this one deduces the structure of a “co-Og-module object”
on R[X]/(P,), i.e. its spectrum is a (finite free) Ox-module scheme over R.
Thus, F[n"] can be viewed as a finite free O -module scheme over R.

The above proposition and its corollary tell us multiple things about the Drin-
feld level structures. Firstly, it tells us something about the m-power torsion points:
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Corollary 3.1.7. If F' is a formal Ox-module of height h < oo over a complete
local Ok-algebra R, then for every n > 0, there is a (unique) monic polynomial
P, € R[X] of degree ¢"" and a unit u,, € R[X]* such that

T = U Py.

In particular, the roots of 7} are contained in an integral extension of R and if
¢ : (m7"Ok/Ok) — F[r"]|(R) is a Drinfeld level ©" structure, then

P(X) = I1 (X —p(x)) .

z€(r~ 10K /OK)P

Furthermore, the Weierstrafl preparation theorem allows for an alternative def-
inition of Drinfeld level structure that takes the formal Ox-module structure more
into account:

Corollary 3.1.8 (|Far05][5th Course, Cor. 1}). Let F be a formal Ox-module
of height h < oo over a complete local Ok-algebra R. Then a morphism ¢ :
(77"O /OK)" — F[r"|(R) is a Drinfeld level m structure if and only if

H (X —F p(2))

z€(r~ 10K /OK)"
divides mp in R[X].

Proof. Consider the ring A := R[Y], which is Y-adically complete. Set f(X) =
X —Y € A[X] and apply Proposition to g(X) =X —pY € A[X]. We find
r € A[X] of degree < 1 and () € A[X] = R[X, Y] such that

X —pY = (X -Y)QX,Y)+r(Y).

If we plug in Y = X in the above equation, we find that » = 0, and then, since
X —rpY =X —Y mod degree 2 it follows that ) is a unit.
Therefore, X —Y and X —p Y differ by a unit, and thus so do

11 (X —¢(z)) and II (X —r o(2)) .

ze(r= 10k /OK)P xe(r~ 1Ok /O )"
[ ]

Remark 3.1.9. Finally, with a bit more effort, using the Weierstrafl preparation
theorem and its Corollary one can give another alternative definition for
Drinfeld level ©™ level structure: namely, under the assumptions of Definition

the condition that the polynomial
[[ & —e@) (3.1)

for‘"OK/OK

dwides T is equivalent to the statement that ¢ is a Drinfeld level ™ structure.
By WeierstrafS preparation this condition is the same as the one that 7} is a unit
times the product [3.1. The equivalence of this definition with ours is proven in
(Far05][5th course, Prop. 1]. The proof there is less general (Ox = Z,), but can
be adjusted to the gemeral case by replacing each p by either ™ or q (one only
needs to know which replacement comes when, but this is clear once the proof is
understood).

The equivalence of this definition shows that a Drinfeld basis for F[r"](R) in some
sense can be called a “basis” after all: (when R is a domain) it shows all the roots
of ™ are in the span of the Drinfeld basis.
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The higher level Lubin-Tate spaces

Using the notion of Drinfeld level structure, we can define the higher level Lubin-
Tate spaces associated to F'. A priori, we can only define them as functors.

Definition 3.1.10. The Lubin-Tate functor of level n associated to F is defined

to be
MFJL C— Set,

isomorphism classes of pairs (F, ),
R < where F is a deformation of F and ¢ ,
a Drinfeld level ™ structure on F' over R

where an isomorphism between two pairs (F, ) and (F',¢'), as in the definition,
is a *-isomorphism f : F = F' such that the following diagram commutes

(7" O /Ox)" —— Fla"|(R)

\“"/) lf : (3.2)
F'[x"](R)

For all m,n > 0 we have natural transformations

Mf,n—l—m — Mfﬂl

given on points R by sending (the class of) a pair (F, ¢) to (the class of) (F,pot)
(or, if n = 0, simply to the class of F'), where ¢ is the inclusion

W_nOK/OK — W_m_nOK/OK.
This way, we get what is called the Lubin-Tate tower (associated to F)

In this chapter we will see that these functors are all formal schemes and that
the morphisms described above are finite flat. We will then discuss the proof of
[Weil(] that the “projective limit” of the above diagram is perfectoid (in some
sense). However, we will first illustrate the height 1 case, in which everything is
relatively simple.

3.2 The height 1 case and its perfectoid nature

Suppose F is a 1-dimensional formal Ox-module over k of height 1. Then we know
its Lubin-Tate space is just the point

Spf OK.

This means that lifts of F are unique up to *-isomorphism. Let F be one such
lift over Q. Then F' is a universal deformation and for any complete Noetherian
local Og-algebra R we can, by specialization, view F' as a representative of the
unique *-isomorphism class of deformations of F over R. It turns out that the
Drinfeld bases for F[r"] over R correspond to roots of ®,,(X) = 7%(X) /7% 1 (X).
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Proposition 3.2.1 ([WeilO][Lemma 2.3.1]). Let R be a complete Noetherian local
Ok -algebra. Then an element x € F[n"]|(R) is a Drinfeld basis if and only if it is
a root of ®,(X).

Proof. We can reduce to the case n = 1, because of Remark and the fact
that ©,(X) = @ (73 '(X)).

By definition, x is a Drinfeld basis for F'[r](R) if and only if T[], .« (X — ap(X))
divides mp(X). So if = is a Drinfeld basis for F[r](R), then clearly ®;(x) = 0.
Conversely, if x is a zero of ®y, so is ap(x), for any a € O (this implies z is a
Drinfeld basis for F[r|(R)): indeed, we can write

ap(X) =aX -n(X), ne A[X]*,

from which we get

mp (ap(X)) _a-mp(X) n(mp(X))
ap(X) aX n(X)

unit

®y (ar(X)) =

Therefore, if = is a root of ®1(X) = 7p(X)/X, so is ar(x). [ |

We denote by K, the field extension of K obtained by adjoining the roots of
% (or @,) to K[|

Remark 3.2.2. We note that the extensions K,/ K are all totally ramified. When
7r(X) = 7w X + X9 this is clear, because the ®,, will be Eisenstein polynomials. In
the general case, we know by Proposition that there is a change of coordi-
nates over the maximal unramified extension Ogwnr such that F' mod m becomes
normal. Therefore, the m-power torsion points of F in the original coordinates
are obtained by evaluating the roots of 7 X + X7 and its iterates in an invertible
power series with coefficients in Ogunr; such a change of coordinates is an isom-
etry on {x € K: |x| < 1} and thus we have shown that in general K,/K is a
totally ramified extension, and we also see that the degree of this extension must
be deg ®,,.

From the above proposition it follows that the level n Lubin-Tate functor M,
is the formal scheme

By considering the compositum K = J, K, and its m-adic completion f(oo, we
get an isomorphism of functors on C

vaoo = lgle,n = HOHI(OKOO, _> = H0m<0f(oo’ _)7

which sends a complete Noetherian local Og-algebra R to

isomorphism classes of pairs (F, p),
where F is a deformation of F and % ,
a “Drinfeld level 7°° structure on F' over R’

'Note that we just need to add one root of ®, to K to obtain K, because applying the ar
then gives us the other roots.
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where a level T level structure ¢ on F over Ris a morphism of Ox-modules

p: K/Ox — F[r™|(R) = lim F[x"](R)

satisfying the same divisibility condition as in Definition and where an iso-
morphism is defined similarly as in the definition of the finite levels. One has the
following observations:

Proposition 3.2.3 ([WeilO|[Lemma 2.3.2]). The q-Frobenius is surjective on Ok /T =
Oy /7.

Proof. Let x1,x5,... be compatible roots of the &, ®,, ..., respectively, that is,
mr(zis1) = x;. Since 7p(X) = v(X?) mod 7 is a power series in X9, every z; has
g-th root modulo 7. The x; generate the K; over K, and therefore every element
in Ok /7 has a ¢-th root. [ |

Proposition 3.2.4. The g-Frobenius Oy [p — Og._[p is surjective.

Proof. Let v € Og[X] and the z; € Oy _ be as in the proof of the previous
proposition. Then, since 7x(X) = (X?) = v(X)? mod 7 it can be seen that the

sequence defined by y; == v"~!(x;) for i > 1 satisfies y!,, = y; mod « for all 4.
Since || < |yi| = |x;| by Remark it follows that

] = [, (3.4)
By the classical “z = y mod 7 = 2P = y? mod 7" we can see that the
limits _

w; = lim yfij

Jj—0o0
exists. Clearly |ow;| = |y;| and wgij = w; for all 7 and j.
The completion O of O (@1, @a, ... ] inside O is actually Oy _ itself. Indeed,

modulo © we have

w; = lim vi+j_1(xi+j)qj =" Nx) = .
Jj—o0o
The x; generate O topologically over Of, therefore, so do the y;, and thus the
natural map O/ — Of_ /7 is an isomorphism. Since both rings are 7-adically
complete, a standard approximation argument lets us conclude that O = Oy .

Now, every element in O = Oy  can be expressed as a possibly infinite linear
combination of monomials in the w; with coefficients in O, whence Frobenius is
surjective on Oy /p. [ |

Corollary 3.2.5. If the characteristic of K is p, then
F [t = k[tV7] = O

and thus

~

o 2 F,((17)).
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Proof. Indeed, the isomorphism can be defined by sending ¢!/ ¢ to the Wiyl as
defined in the proof of Proposition [3.2.4. From the proof of the same proposition,
we know this map must be surjective. It is also injective: giving ¢ the same
valuation as its image via this map, we can define an absolute value on F,((#*/4™))
and the map becomes an isometry. |

The field F,((#*/9”)) is a complete non-Archimedean non-discretely valued field
of characteristic p with that is perfect. It is one of the standard examples of a
“perfectoid field”:

Definition 3.2.6. A perfectoid field L is a complete non-Archimedean field (of
residue characteristic p) with a non-discrete valuation, such that Frobenius O /p —
OL/p is surjective.

From the last proposition we have the following, also when K has characteristic
ZEro:

Corollary 3.2.7. The field Ko is perfectoid.

The corollary states that the “generic fiber” of Mz  is perfectoid. In the
general case, where F has arbitrary finite height, the same is true, although in
that case one needs a more general definition of “perfectoid”.

When K has characteristic zero, we know it is perfectoid, but we do not have
a description of K. asin Corollary . We can come close, however, and give
such a description for the “tilt” of K. We briefly sketch the construction of the
tilt of a perfectoid field L:

1) We define the ring

Op» = lim Or/p = {(z0, 71, 22,...) € (Or/p)": 2¥ = x;}.

r—axP

2) The we define the multiplicative map f: O, — Op by

_ — iy P
z = (20, 21,...) — o* = lim 2",
11— 00

we note that this limit always exists.

3) The map £ allows us to define a non-Archimedean absolute value on O, by
|z|, = |2*| (check this).

4) Then we define L’ to be the field of fractions of O, and we extend the non-
Archimedean absolute value just defined to L’; it turns out the ring of integers
of I’ is exactly l'glx'_mp O /p, so there is no conflict of notation.

5) The field L’ is perfectoid and of characteristic p; it is called the tilt of L.

Remark 3.2.8. The tilt can also be constructed by setting

O} = lim O/’

TP
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for some topologically nilpotent non-zero '|p. In fact, even using 7’ = 0 is allowed,
even when p # 0, but then one needs to do some work to put a ring structure on

T&l OL?

TP
which is a priort just a set.
For more details, see [SW20]. A perfectoid field and its tilt share many similarities.
For one thing, when L has characteristic p, it is equal to its tilt. More subtle

similarities, which are relevant in the mixed characteristic case, are expressed in
the tilting equivalence:

Theorem 3.2.9. Let L be a perfectoid field.
a) If M/L is a finite field extension, then M is perfectoid.

b) The functor M ~ M’ is an equivalence of categories between finite extensions
of L and finite extensions of L. Therefore, the absolute Galois groups of L and
L’ are isomorphic.

Proof. This is |[SW20][Thm. 7.3.1], although it is originally due to Fontaine and
Wintenberger. We do not use this theorem anywhere. We just state it in order to
illustrate the importance of the tilt. [ |

Proposition 3.2.10 ([Weil0|[Prop. 2.3.3]). The tilt K’ of K is isomorphic to
k(7)) and Opy = Ek[tt/a].

Proof. The projection on the first coordinate
Ogs. = Og_/p
is surjective by Proposition and thus K > has residue field k. There is the

Teichmiiller multiplicative section k — Op, , which is a ring morphism because

K?_ is of characteristic p.
Let
wb = (wl,...,wg,...,w3,...) S Okgo

with the w; from Proposition |3.2.4 One has
(wb)l/qi = (@Wig1, -+ Tiy2,..)
and ﬁ
((wb)l/q’> = W1 (3'5)
Now define
@: k[tYT] = Op, ,t = @

Let us define an absolute value on k[t'/77] by setting |¢| == |@’|, = |w@:|. This
makes ¢ into an isometry. Asin Proposition H@l we see that the images of k[[t1/9™]
and O, under their respective absolute values are the same sets. Since both have
the same residue field, we conclude by completeness that ¢ is an isomorphism. H

Note that Corollary is a also a corollary of the above proposition.

Remark 3.2.11. The field K., is important in local class field theory: K® =
Ko - K" see for example [Mil20/[I, Thm. 4.8]. This was first discovered by
Lubin and Tate [LT6Y)].
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3.3 The finite level Lubin-Tate spaces in the gen-

eral case
We now study the other cases, so F is a formal Og-module over k of height
1 < h < oco. We write Ay = Oklus, ... ,up_1] for the Ok-algebra representing
Mz,

Before we can define the infinite level Lubin-Tate space and prove its “generic
fiber” is perfectoid we need to study the finite level Lubin-Tate spaces in some
detail. Like the level structures themselves, these were first defined by Drinfeld in
[Dri74][§4B]. All results in this section are due to him.

Proposition 3.3.1 ([Dri74][Prop. 4.3], [Far05][5th Course, Prop. 2]). The level n
Lubin-Tate functor Mg ,, associated to F s represented by a complete local Ao-
algebra A, that is finite over Ag.

Proof. If F is the universal deformation of F' (so a deformation over Ag), then
consider the functor from C to Set

isomorphism classes of pairs (F, ),
R+ { where F is a deformation of F and © )
an Og-linear morphism (7 "Ox /O )" — F[7"](R)

where an isomorphism between pairs (ﬁ ), (ﬁ ') is defined as a *-isomorphism
f: F — F’ such that the diagram commutes. This functor is
(Faniv[7"])" = Faiv[7"] X -+ X Fiy [7"]
and is represented by the complete local ag-algebra
B, = ATy, ..., Th]/ (ﬁ%ﬂniv (1h), ..., mp (Th)) -

The level n Lubin-Tate functor Mz, is a subfunctor of it. For a complete Noethe-
rian local Ok-algebra R, an element f € Hom(B,, R) represents the class of the
pair (f.Funiv, @), where ¢, is the morphism (77" Ok /Og)" = Fuie[7"](R)

(alv s >ah) = (al)Fumv (f(Tl)) T Fuiv " T Funiv (ah)Funiv (f(Th)) :

Thus f € Hom(B,, R) is in Mg, if and only if f(73),..., f(T}) is a Drinfeld basis
for fiFuniv[m"](R).
Set

@)= JI (U= (@)rn T+ s (@)1 (1) )

By Weierstrafl preparation write
Thun (U) = Y(U)QU) + r(U), (3.6)

where Q(U) € B,[U] and r € B,[U] is of degree < ¢".
We see that f € Hom(B,, R) lies in Mz, if and only if f,r(U) = 0. Thus, writing

thl . .
r(U)=>_1_, bU" we find that the complete local Noetherian
ATL = Bn/<b0, c. 7bqh_1)
represents the functor Mz ,,. Since B, is already finite over Ay, we see that so is

A,. |
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Recall that a regular local ring is a Noetherian local ring such that the minimal
number of generators of its maximal ideal equals its Krull dimension. These type
of rings have many nice properties. They are domains for example|Sta22, Tag
OONP].

Proposition 3.3.2. A, is a reqular local ring, and thus in particular a domain.

Proof. First of all, notice that Ay injects into A,: consider the extension AVO of Ap
obtained by adjoining all roots of 73 . We pick roots xy,..., 1) € Ay of Typivn

such that the 7! (2;) span Fuyy[m](Ao). This can be done, because 7 does
not have repeated roots, which can be checked for example by reducing to the
normal case as was done in Remark[3.2.2] This means that x4, ...,z is a Drinfeld
basis for Funiy[m](Ag). Therefore, we get an induced morphism A,, — Ag by the
universal property of A,, and the composition

A0—>An—>AVO

is the inclusion Ay C ZO, because the formal Og-module on ZO is simply Fyupniy. It
follows that Ag injects into A,,.

Since A, is finite over Ay it is an integral extension of Ay. By the going-up and
going-down theorems, it follows that A, has the same Krull dimension as Ag. The
Krull dimension of Ay = Ok[uy,...,up—1] is 1 4+ (h — 1), so dim A,, = h.

The universal 7" level structure on Fy,;, corresponds to the universal Drinfeld
basis for Fyniy[7"](A,), which is, using the construction of A, as in the previous
proposition, given by the images in A,, of the T3, ...,T) € B, which we will denote
by the same.

We claim that (71, ...,T}) is the maximal ideal of A,,. This claim would finish the
proof, because the number of generators of the maximal ideal is at least the Krull
dimension.

So let us prove the claim. Let p: A, — A,,/(T1,...,T}) be the reduction morphism.
The Drinfeld level ™ structure condition tells us that

UT 175, e (U) = pu(mi ) (U).

Therefore, the coefficients of the U® with i < ¢" in 7g,__ are allin (T,...,T;). By
Proposition it follows that (m,uy,...,up_1) is in the kernel of the morphism
Oklu,...,us] = Ay — A, /(Th,...,Th). Thus, A,/(Ty,...,T}) is a finite k =
Ao/ (m,uy, ..., up_1)-algebra. The proof of the previous proposition shows that A,
is generated by the T1, ..., T} over Ag. Therefore, A,,/(T1,...,T};) is actually equal
to k and it follows that (73, ...,7},) is maximal. |

Let us write X\, ..., X! for the universal Drinfeld basis for Fyy[r"](A,)
obtained from the Ti,...,T}, € B, as in the proof of the above proposition. The
proof shows that A, is regular with parameters X fn), o X ,gn) .

Recall the morphisms making up the Lubin-Tate tower |3.3l They correspond to
morphisms

Ai — AiJrj,Xéi) — W%umv <X£(Z+J)> . (37)
The previous proposition implies the following facts about these morphisms:

Corollary 3.3.3. A, injects into A; for j > i > 0.
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Proof. Aj; is an integral extension of A;/p, where p is the kernel of A; — A;, which
is a prime ideal of A;. From dimA;/p = dim A; = h = dim 4, it follows that
p=0. |

Corollary 3.3.4. A; is flat over A; for j > 1> 0.

Proof. This follows from the “miracle flatness theorem” [Sta22, Tag 00R4]. |

3.4 Universal covers and determinants

We need two more ingredients before we study the infinite level Lubin-Tate spaces
in generality. The first we will discuss is the so-called “universal cover” of a formal
Ok-module. After that we will briefly mention some facts about determinants of
formal Og-modules, the most important of which we do not prove. In this whole
section we follow [Weil0].

The universal cover

Let us denote by F a height h < oo formal Qg-module over k. It is a functor from
the category of complete adic k-algebras CA, to the category of Og-modules,
R +— F(R). We can use it to construct the universal cover of F, denoted by
UC(F), which is the functor from CA}, to the category of K-vector spaces Vect
defined by

UC(F)(R) = lim F(R),

THTTT

which is a K-vector space since it is an Og-module on which the endomorphism
defined by 7 has the following inverse

(Z'l,l'g,l'g,...) — (LCQ,.Z':),,...).

Proposition 3.4.1 ([Weil2][Prop. 3.1.2]). The functor UC(F) is represented by
kKX,

Proof. The endomorphism 7, being of height h, can be written as
wo d" = d" oy,

where ®(X) = X1 is the g-Frobenius and u is an automorphism of F over k. We
use this construct the isomorphism of Og-module valued functors

UC(F) - lim F,
x—®dh(x)

UC(F)(R) = lim F(R),

&M ()

(1,22, 23, ... ) = (u(zr),w’(22), v’ (23), ... ),

which is clearly well-defined and Og-linear, and which is an isomorphism because,
on the level of points, the inverse is given by

(Y1, Y2, Y3, ... ) > (Ufl(yﬂ,u’z(yg),u’?’(yg), . ) )
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The ¢"-th power Frobenius morphism ®" : F — F corresponds to the endomor-
phism
h
on: k[X] — K[X], X — X7

Therefore,
Jim Hom (k[ X],—) = Hom (hﬂk[[X]], —)
—O0pn Pn

= Hom (k[X][X""], -)
=~ Hom (k[X 7], -),
where by abuse of notation the second and third homsets should be read as the

sets of continuous morphisms of k-algebras, rather than homsets in CAj (since
E[X][X"9] ¢ CA}). This concludes the proof. [ |

Suppose now that Fis alift of F to a complete Noetherian local Og-algebra
R. We define its universal cover, a functor from the category of complete adic
R-algebras to Vecty this time, by the same formula

UC(F) = Jim F.

THTX

Proposition 3.4.2 ([Weil0O|[Prop. 2.4.2]). Suppose S is a complete I-adic R-
algebra with mp C I. Then the reduction morphism

UC(F)(S) — UC(F)(S/1) = UC(F)(S/I)

1s an 1somorphism. In this sense, UC(?) restricted to the category of complete
adic R-algebras with an ideal of definition containing mg only depends on F.

Proof. The reduction morphism is injective: for an element (xg, z1,...) € UC(ﬁ )(S)
in the kernel one has x;; € I for all i,j, whence, for every i, z; € (; W%(I) C

N, It =0.
To see surjectivity, let (zo + I, 21 + I,...) € UC(F)(S/I). We will apply by a
Teichmiiller lift kind of procedure. Since myz C I one has for every ¢ > 1

r=y mod I’ = 7z(v) =mz(y) mod I

(1 o)
is an element of UC(F)(S). It maps to (zo+ 1,21+ I,...) € UC(F)(S/I). [ |

Therefore

Proposition 3.4.3 ([Weil0|[Prop. 2.4.2]). The universal cover UC(F) restricted
to the category of complete adic R-algebras with an ideal of definition containing
mp is representable by R[XY/™].

Proof. For S in this category write TopNil(S) for the set of topologically nilpotent
elements of S. As a set, we know that F(S) = TopNil(S). Notice that the
morphism of multiplicative monoids induced by the reduction

Jim TopNil(S) — Jim TopNil(S/mpg)

h h
x—xd x4
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is an isomorphism by a standard Teichmiiller lift procedure as done before. This
allows us to conclude

~ Prop.

UC(E)(S) = UC(F)(S/mp) = UC(F)(S/mp)
% Jim TopNil(S/mp)
&~ lir;xTopNil(S)

>~ Hom(R[XY7"], S).

Remark 3.4.4. The universal cover UC(F)(S) is related to the Tate module
T(F)(S) which is the sub-Og-module of UC(F)(S) defined by

T(F)(S) = lim F[x"](S).

When the topology on S is discrete, every element of F(S) is w"™-torsion for some
n, and one obtains that

UC(F)(5) = T(F)(5) ®oy K.

Determinants

We will soon see that the universal covers play an important role in the study-
ing the strucure of the infinite level Lubin-Tate spaces. Namely, universal covers
allow us to break the infinite level spaces up into parts that are more easily un-
derstood. In |[WeilO] this breaking up is done with the help of exterior powers —
more precisely: top exterior powers, i.e. determinants. For this, a construction
from Hedayatzadeh’s thesis [Hed10] is needed.

Theorem 3.4.5. Let R be a Noetherian Ok -algebra and F' a 1-dimensional formal
Ok -module over R of height h < oo. Then there exists a 1-dimensional formal
Ok -module A"F over R of height (Z) = 1 such that, for any n > 1, there are
O -multilinear alternating morphisms (of formal R-schemes)

An: FMr" = (Fln")" — AMF[r"]

having the universal property that any O -multilinear alternating morphism from
Fha"] to a finite locally free Ox-module scheme over R factors through .

We call A"F the determinant of F' and it is compatible with base-change.

Also, T o Mpy1 = 7" 0 A\, i.e., the following diagram commutes:

Fh[ﬂ.n-‘rl] ’\n+15 AhF[ﬂnH]

l — l . (3.8)

Fhign] — 2 s APF[r7]
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Proof. This can be found in |[Hed10]: the existence of A"F is Proposition 9.2.34,
the existence of )\, along with the commutation with base-change is Proposition
9.2.33, and the commutative diagram is Remark 9.2.35. |

Now, let us return to F, our formal Og-module of height h < oo over k.
When F is a lift of F over some complete Noetherian local Og-algebra R and S
a complete [-adic R-algebra, then the diagrams |3.8] considered for every n, show
us that we get an induced morphism of Tate modules

T(F)(S)" = T(A"F)(S),

which is Og-multilinear and alternating.

Similarly we obtain T'(F)(S/I)" — T(A"F)(S/I), and since S/I is discrete, Re-
mark [3.4.4 tells us that after tensoring by K we get an alternating K-multilinear
morphism

UC(F)(S/I)" — UC(A"F)(S/I).

Finally, when mz C I, we know from Proposition that the universal covers
evaluated at S are the same as those evaluated at S/I, such that in that case we
have a K-multilinear alternating morphism

UC(F)(S)" — UC(A"F)(S).

This construction is clearly functorial in S and therefore, when restricting both
functors to the category of complete adic R-algebras with an ideal of definition
containing mg, we have obtained a K-multilinear alternating natural transforma-
tion? N B

A: UC(F)" — UC(A"F). (3.9)
This morphism is key to relating the infinite Lubin-Tate space associated to F

to the infinite Lubin-Tate space associated to A"F. The latter, where the formal
Ok-module is of height 1, has already been studied in Section [3.2]

Remark 3.4.6. Recall that both universal covers (still as functors restricted as
above) are represented by R[X/™], by Proposition m Therefore A corresponds
to a morphism

R[XY7]) — RIX, . X7,
Such a morphism is the same as an element (X1, ..., Xy) (the image of X ) to-
gether with q"-th roots §(X1, ..., X,V € R[X\/"", ... ,Xi/qoo]] for every n > 1.

Another important reason that the determinant is useful in relating the general
case to the height 1 case is that the ), respect Drinfeld bases:

Proposition 3.4.7 ([WeilO][Prop. 2.5.2]). If R is a complete Noetherian local

Ox-algebra, F' a deformation of F over R, and x1,...,x, a Drinfeld basis for
F[r"|(R), then _
Ao(@1, ..o xp) € AF[r")(R)

1s also a Drinfeld basis.

%In fact, by the Yoneda lemma it is a morphism of formal schemes over R.
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Proof. We may assume R = A, F = Fluiv, and that the z; = X ™ are given by

1

the universal Drinfeld basis. We then need to prove that A, (X{™, ... X} is a
Drinfeld basis for A" Fy,;,[7"], which is equivalent by Remark to proving that

is a Drinfeld basis for A"F[r](A,). From [3.7]it follows that

W?‘—‘univ (Xl(n)) = Xl(l)

when identifying A; with a subset of A, via A; — A,,.
Therefore, we are reduced to proving the case n = 1. Since A"F is height 1, it suf-

fices by Proposition |3.2.1to show that A\ (X{l), e X,(Ll)> isaroot of mp . (X)/X.

univ

That is, we must show it is non-zero.
Note that A; contains all roots of mp, . : the universal Drinfeld basis in A; spans

all the roots over Ok because 7, . (X) is a unit in A[X] times

u

I[I =)

:EE(TI'_IOK/OK)h

by Corollary [3.1.7. Therefore, the base-change F"

univ

7] of F!

univ

[7] to the field of
fractions K := Frac A; is represented by

[?I]:Xl’ ce 7Xh]]/ (WFuniv(X1)7 ttt 77TFuniv(Xh)) = [A&th'
Over [?, the morphism A\;: F?

univ

[?[[X]]/ (WAhFuniv<X)) - [N([[le cee 7Xh]]/ (ﬂ_Funiv(Xl)7 cee 77TFuniv(Xh)) )
X — A1<X1, . ,Xh).

(7] — A" Fypiy[7] 7 corresponds to

Now, suppose for a contradiction that A\, (X{l), e ,X}(Ll)> =0, then \;: F"

APFynio[7](K) is the zero morphism, because the Drinfeld basis spans and ); is
alternating and Og-multilinear. Therefore, using the hq" different projections

h  pr;

}?[[X:L’ T ’Xh]]/ (ﬂ-Funiv<X1)7 st JWFuni\,(Xh)) g }?hq —Z> .KV

one sees that every pr; (A (Xy,..., X)) equals zero, whence A\ (X7, ..., X},) itself
must equal zero. This means that the morphism Ay : F%, [7] 7 — A" Fou[7] 7 over

univ
K is the zero morphism. Since the determinant commutes with base-change, this
morphism is the universal alternating morphism, and since it is zero, we obtain

AhFuniV[ﬂ-]f( = Oa
which contradicts that A"F,;, is height 1. Therefore, we conclude that after all
A (X{”, o ,X,g”) £ 0. n
Corollary 3.4.8. For every n > 0 we have induced morphisms

Mf,n — MAhfm-

Proof. All one now needs to check is that whenever two deformations F and F
of F' over some complete Noetherian local (’)K—algebra R are *-isomorphic, then
so are A"F and A"F’. This is trivial, because A"F is of height 1 and thus all its

deformations over R are x-isomorphic. |
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3.5 The infinite level Lubin-Tate space

We have already seen the definition of the infinite level Lubin-Tate space in the
height 1 case. The general definition is almost the same:

Definition 3.5.1. Let F be a height h < oo formal O -module over k. Then the
infinite level Lubin-Tate functor associated to F' is the pointwise projective limit

Mf,oo = @Mf,n

The infinite Lubin-Tate functor is pro-represented by the completion A of
li nA"’ where the A, are as in the previous section and the topology is the
one induced by the maximal ideal I, = m,, of Ay (equivalently, one can use the
maximal ideal I,, of A, for any finite n). We note that A is Iy-adically complete,
because I is finitely generated [Sta22, Tag 05GG| (if [y were not finitely gener-
ated, this would not immediately be guaranteed). Therefore, Spf A makes sense
and

Mf,oo = Spf A.

If R is any complete Noetherian local Ok-algebra and F a deformation of F over R,
we define an Drinfeld level 7> structure on F' over R to be an Og-linear morphism

p: (K/Ok)" = Flx™](R) = lim F[z")(R)

such that
I[I &—e@)
ze(n~ Ok /O )"
divides 75 in R[X].
It follows that for any complete Noetherian local Og-algebra R

isomorphism classes of pairs (F, ¢),
Mz o(R) = ¢ where F is a deformation of F' and ¢ , (3.10)
a Drinfeld level 7°° structure on F' over R

where an isomorphism of pairs is defined exactly as in [3.2] (but with n = c0).

Intermezzo: Drinfeld level 7 structures and Tate modules

Let us take an intermezzo by expanding a bit about the relation between Drinfeld
level 7 structures and Tate modules. For this we need to generalize a bit beyond
the setting we have so far been in — therefore this remark is not relevant to the
rest of the text. Namely, we consider a complete local Og-algebra R, which is not
necessarily Noetherian anymore. We notice that the subsequent objects which we
may only have defined for Noetherian R have their obvious generalizations.

Let F be any deformation of F' over R. Then we can recover the Tate module

T(F)(R) = lim F[x")(R) Uc<ﬁ><R>

3To evaluate the universal cover at R, we understand R to have the mp-adic topology, making
it complete.
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from F[r*](R) by
Homodo,, (K/Orc, FIx|(R)) = lim Flx"](R),

fe (F0), f(1/m), f(1/7),...).

One notices that by applying Hommoed,, (£/Ok, —) some information gets lost,

in general: namely, not every z € F [7](R) sits in a compatible sequence in the
Tate module. Let us try to see what we still can recover.

In general, we can only identify the Tate module tensored by K with a subset of
the universal cover:

T(F)(R) ©o, K = {(z,m,...) € UC(F)(R): 2 € ﬁ[ww](R)}.
Therefore,
{(xo,xl, .)€ UC(F)(R): o € ﬁ[woo](R)}

T(F)(R) ®o, K/Ox = —
{(xg,acl, ) € UC(F)(R): z = o}

(i) = x; for all 4,7 > 0

zo admits x; € F[r>](R) with }
F

= {xo e Flr™|(R): "

The latter is generally just a subset of F [7*](R). However, when R equals the
ring of integers O¢ of the completion of the algebraic closure C of K for example,
then we have an equality and we can retrieve F[r*](O¢) from the Tate module
and vice versa.

Over O¢ (or rings of integers of field extensions of K in general) finite Drinfeld
level " structures are the same as isomorphisms, and therefore Drinfeld level 7°°
structures are the same as isomorphisms

p: (K/Og)" 5 Flr™®|(Og).
Applying Hompod,, (K/Og, —) gives an isomorphism
T(F)(Oc) = Of

from which ¢ can again be recovered using — ®p,. K.

Therefore, if we use as definition for Mz . on the broader category of com-
plete local Og-algebras, we see that its Oc-points are isomorphism classes of
deformations F' of F over O¢ together with a fixed isomorphism between O% and
the Tate module of F.

Remark 3.5.2. The reader might have found the deformation theoretic interpre-
tation of MF,OO(R) as in for a complete Noetherian local Og-algebra R a
bit strange. Indeed, the Noetherianity condition on R seems to make it hard for
deformations F' of F over R to have many interesting m-power torsion points over
R. Indeed, O¢, Ok, and the likes are all non-Noetherian.

4When R is discrete this is the same as the universal cover evaluated at R and we get Remark

EE
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However, using as definition for Mg ., on the broader category of complete
local Ok-algebras, this functor is not represented by A anymore... So we can
have the deformation theoretic interpretation of M% ., or a geometric one,
as Spf A, but not both. We choose for the latter, as ultimately one wants to keep
doing geometry. We note that points of Spt A in any case always correspond to
specializations F' of Fyun. together with a Drinfeld m° level structure.

Computation of the ring A (or at least of “A"”)

We want to arrive at a description of A a la Proposition [3.2.10] in the general
height case. As mentioned earlier, we will try to harness determinants and uni-
versal covers to unravel its structure, ultimately relying on what we have already
seen in the height 1 case. We again follow [Weil0).

Let us begin. We let F' be an arbitrary lift of F over O that we fix throughout.
Viewing it as a formal Og-module on A, we see that

UC(Funis)(4) = UC(Fyi) (A/ Io) = UC(F)(A/ o) = UC(F)(A/Ip) = UC(F)(A)
(3.11)
by Proposition Recall for every n the universal Drinfeld bases X f"), o X ,(ln)
for Funi[7](Ay) C Funiv|7™](A). From|[3.7we know that in A we have mp_ (X"*V) =
X" thus they define elements

X; = (X, XP ) € UC(Fui)(A), forie{1,... h}.
Via the isomorphism [3.11| we obtain corresponding elements
7, =z, Z® ) e UC(F)(A),
where, by definition of the isomorphism, we have the formula

Z" = lim 7 (XZ.("””)). (3.12)
m—0o0
The h-tuple (Zi,...,Z;) € UC(F)"(A) corresponds, by Proposition [3.4.3| to a
morphism
Ox[XV", .. X}/ — A, (3.13)

and by the proofs of propositions |3.4.1| and |3.4.3| one sees that Xil/ " is mapped to

hm

tim (@ (2m))"

m—00

where © € TOk[T] is a lift of the u € k[T] such that 7z = ®" ou = uo ®" where
®(T) = T is the ¢-Frobenius.
Similarly, in the height 1 case of A"F', we get a morphism

Ox[XV"] = O, (3.14)

where K, is defined as in Section [3.2f it is the composite of all K, which
are the fields obtained by adding the roots of 7w}, .(7") to K. To construct
this morphism, we should choose compatible roots X ™ of the g (T) to get
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X = (XM, X® ) € UC(A"Fuiv)(Of_). Because the determinant has height
1, we may for simplicity assume that A" Fyy;, = A"F, so that X € UC(A"F)(Oy_).
The above morphism is then defined by

XV s L (T (X))

m— 00

)

where now v € TOg[T] is a lift of the v with m .z = ® o v.
By taking formal spectra, the just defined morphisms and are the same

as morphisms
M oo = UC(F)" and Mg o, — UC(A"F). (3.15)
Now, we recall the morphisms from Corollary
Mz, = Mus,

for every n > 0. They are compatible with the Mz, ., — Mz, and Mz, —
M 15, by the commutativity of diagram . Therefore, in the limit we obtain a
morphism

Mf,oo — MAhF,oo‘ (316)

We note that this morphism Oy — A restricts to
Ok, = Apy, X" A (X XM,

where \,: F'. [7"] — A"F[z"] is the universal alternating morphism.

All in all, we have defined morphisms |3.15} [3.16, and A\: UC(F)" — UC(A"F) in
3.9 This allows us to write down the following diagram

Mz o — Mg

l l . (3.17)

UC(F)" —2— UC(A"F)
Claim 3.5.3. The diagram|3.17 is commutative.

Proof. Let us denote by X/, the universal alternating morphism F"[7"] — A"F[z"].
It suffices to check that the following diagram commutes

A Ok..

T )

Ox[X{7, . XY —— O X1

All maps involved are Og-linear and continuous, so it suffices to see what happens
to the X1/9"

Let us first see what happens to X'/¢" when following the curvy arrows. First, it
gets sent to lim,, o (”17””"()( (m+”)))qm € O_ and then it ends up in A as the

element .

lim (5’"“‘ (/\m+n (Xl(’”+ ”),...,Xgm”))))q . (3.18)

m—r 00
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Now let us see study the straight arrows. The vertical straight arrow corresponds
to the point Z = (Zi,...,Z,) € UC(F)"(A). This point was obtained from
X = (Xy,...,Xy) € UC(Fyuiv)"(A) by the isomorphisms in m These iso-
morphisms show that both universal covers evaluated at A can be identified with
UC(F)(A/Iy). When we do this X and Z are identified.

Since the X; lie in the Tate module T'(Fyupiv)(A), it follows that X and Z lie in
T(F)(A/Iy)". Now if we recall the construction of the morphism \: UC(F)" —
UC(A"F ) we see that the composition of the straight arrows can be identified
with the point

(Xl(xf”, XY NP XD, ) e T(A"F)(A/I).

Since Funiy = F' mod Iy and since the determinant commutes with base-change,
we have for every n that A, = A/, mod Iy. Therefore, the composition of straight
arrows is the same point as

(Al(Xf”, LXMDY (x® X2, ) € T(A"F)(A/Ly) € UC(ARF)(A).

This is the morphism Ox[X7”] — A that sends X /9" t0[3.18, which proves our
claim. |

The most important theorem from [Weil0| for the understanding of the infinite
level Lubin-Tate space is the following:

Theorem 3.5.4. The diagram[3.17 is Cartesian[l]

In the above theorem we understand the diagram to be in the category of formal
schemes, or simply in the opposite category of the category CAp, of complete adic
Ok-algebras. In the category CAp, the pushout of two complete adic Ok-algebras
with a finitely generated ideal of definition exists: given morphisms S <~ R — T
between objects C' € CAp, that are Io-adic, with Ig and Ip finitely generated,
the pushout of this diagram is given by the completed tensor product

SORT =lmS @ T/ (Is @r T + S ©r Ir)" = lim §/1§ @ T/I7'

(it is (Is ®@r T + S ®g Ir)-adically complete, since this ideal is finitely generated).

Example 3.5.5. We have already seen very simple examples of this: the completed
tensor product of R[X] with itself over R equals R[X,Y] for example. The same
holds with X and Y replaced by X'/7° and Y/~

We see that Theorem is equivalent to the statement that the natural
morphism
B = 0g[X{"", .. X T80, px 11Ok, — A

is an isomorphism. It has the following consequences:
Corollary 3.5.6. When K has characteristic p
A E[XT X =R X X

Better notation would be ), given that we use the \/, for its construction rather than the

g ..

An-
6See later for a discussion of its proof.
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Proof. In this case Ok = F,[r]. Consider the composition
F [XY7°] — O [XY7] — O _.

It sends XY™ to

lim (7 ()T

m—o0

as we have already seen. This element has the same absolute value as X ™ itself
(since v € TOgk[T] is an invertible power series). We do the same as in Corollary
m: we give X € F,[X97] the absolute value as X() ¢ Of_- This makes
F[X'9] — O _ into an isometry. Recall from the same Corollary [3.2.5| that
Of_ = F,[tVe"] and that in fact [¢| = |X"|. From this it is easily seen that the
isometry is in fact an isomorphism.

Therefore, the morphism Og[X7"] — O looks like a morphism of F,[X/77]-
algebras

Fy[X V][] = Fo[X]

and is therefore surjective with kernel generated by m — g(X) for some fractional
power series g(X) € F, [X7].
From the description of the morphism O [X/77] — Ok ﬂXll/qoo, . ,X}ll/qoo]] from
Remark [3.4.6] it follows that
A2 O[X)7 L XV T 80, e O

> Or[X) 7, XY T 180, e (Ox[XYT]/ (7 — g(X)))

= O [X) XY (5 - g (0K, X))

= F,[ X", X7 ] (= g (5(Xs -, X))

~ F,[X)7, . X

We also get a corollary similar to Proposition [3.2.10f

Corollary 3.5.7. Let A° be the inverse limit of A/m with respect to the q-Frobenius:

A= Jim A/,

r—xd
Then A 2 K[X)" G/ ] = F X, XG0T

Proof. Assume first that K is of characteristic 0. Then

A/7T = (OK[[Xll/qoo, N ,Xfll/qoo]]&’zol([[xl/qw]]o[%w) /7'('
> F X7, Xy 18, e Ok /T,

we note that the last step here is not as easy as one might expect: in princi-

ple — one can check — only A modded out by the closure of mA is isomorphic to

IE‘q[[Xll/q . ,X}l/q [®, [x1/a2] Ok /7; in this case, it is fine, because we will see
q [o0)

in later that A is closed (Lemma |3.5.19)).

The map F,[X'/9"] — Oy _/m is surjective: even before modding out by  the

map f: Og[XY9"] = O k.. 1s surjective, since one can reconstruct the X ) from
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the images of the X'/¢" by a limit procedur reverting f: X" = lim,, o (0™(X (m+”)))qm.
One has |f(XY1")| = | X™|, and therefore |f(X?7!)| = |7|, so that

ker f = X' F,[X].
It follows that
Alr 2 F[X XV 8(X, ., X)
In the characteristic p case, we simply have
A 2T XT X g (60X, -, X)),

with ¢ as in the proof of the previous corollary.
In both cases, it is not hard to see that

A= F X7 X

Is A perfectoid?

The notation “A”” suggests that something “perfectoid” is going on. Also sugges-
tive is the observation that

Alr — Ajm, x— 2f
is surjective, which is easily deduced from Theorem that
A = OK[[Xll/qoo, e 7X]1/qoo]]®OK[[X1/qool]Okoo7

using Proposition from the height 1 case.
If we pick some suitable non-zero w|m in Of_ admitting a p-th root w/P it
follows, viewing A as an Oy _-algebra in the obvious manner, that

AJwt? 5 Ajw, x s 2P

is an isomorphism (see Lemma [3.5.18 for what w to pick). In the language of
[Mat18][Def. 114] this means A is an “integral perfectoid” Oy -algebra. In the

same text it is explained how to equip A[1/7] with a K.-Banach algebra struc-
ture and it is shown |[Mat18][Prop. 120] that as such A[1/x] is a “perfectoid K-
algebra” as defined in [SW12|[Def. 2.3.2]. This already shows that A can really be
considered “perfectoid” in a way, but one problem with this is that the topology
on A[l/x] as a Banach algebra seems to induce a coarser topology on A than the
Iy-adic one we have been considering so far.

There is also another way in which A can be put in the perfectoid world. Namely,
one can prove that (the “adic generic fiber” of) Mz, is “preperfectoid” [SW12|[Thm. 6.3.4]
and |WeilO][Lemma 2.10.1], which means its “adic generic fiber” is perfectoid after
base-change to some perfectoid field.

For both the integral perfectoid viewpoint and the preperfectoid viewpoint one

"That is, X(™ = limy,_ e 7 (6*7"*” ( f (Xl/q"““))).
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needs the theory of adic spaces, which was developed by Huber in [Hub93] and
[Hub94|. Given the rather technical nature of the theory of adic spaces and the
fact that the book [SW20| gives a very good summary of the theory of adic spaces
needed for perfectoid spaces already, we have decided not to expand more on the
topic of perfectoid or adic spaces, nor on the two viewpoints discussed above.
Another consideration contributing to this decision, is that when one is already
familiar with perfectoid spaces, it is not so hard anymore to see what is going on
with the infinite level Lubin-Tate space — that is, after the work we have already
done. Indeed, the proof of preperfectoidness [WeilO][Lemma 2.10.1] is a rather
small lemma. The main difficulty in [Weil0] lies in proving Theorem [3.5.4] There-
fore, in order to show (in what way) Lubin-Tate space is perfectoid, one needs to
do two rather disjoint things: do the computations that we have been the focus of
this chapter and develop the theory of perfectoid spaces. Since this thesis has its
focus on Lubin-Tate spaces, we are happy doing only the former.

Weinstein’s proof of Theorem [3.5.4
Finally, we will present the proof of Theorem given by Weinstein [Weil0O|[Thm. 2.7.3].

We note that Weinstein’s proof is a bit less general than ours: he retricts the Lubin-
Tate functors to the category of complete Noetherian local O-algebras, whence

there A is an O=-algebra with residue field Fq rather than F,. This difference

with our setting is negligible, and the proof as in [Weil0O| works just as well in our
casd’

Before starting, we want to warn the reader: at the end it will become apparent
that the proof has a minor gap, that is, Weinstein made a certain claim which the
author was unfortunately not able to prove himself. We hope the reader will be

able to find a proof of Weinstein’s claim [3.5.20

Let us now start with discussing the actual proof. It consists of multiple simple
lemmas. Remember that the goal is to prove that the natural morphism

p:B— A

is an isomorphism. The case h = 1 is trivial, so we may assume h > 1.

The first thing [WeilO] does is study the ring A in some more detail. The
maximal ideals I, and especially I, of Ay and A; respectively, are of particular
interest.

The Xi(l) € I, form a Drinfeld basis and thus 75

univ

H (T o ((a1>Funiv (X](.l)) +Funiv T +Funiv (a’h)Funiv (X}(ll)>>) ’

(a1,...,an)€EkN

divides the polynomial

which is congruent modulo I? to

-t 3 (ax s axV) =17

(a1,...,ah)€kh

8The advantage of Weinstein’s setting is that by Proposition [2.3.12| one may pick coordinates
on the formal Og-modules such that their reductions modulo the maximal ideal become normal,
which makes computations slightly easier.
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Here, the last equality is clear when p # 2, and when p = 2 it follows from our
assumption that h > 1 together with the fact that 2 € I;.

Since the coefficient of 7 .~ mod I? is a unit, it follows that the coefficients of
the T% for i < ¢" of 7, must lie in I?. By Proposition these coefficients

generate Iy, whence we get
Lemma 3.5.8 ([Weil0|[Lemma 2.8.2]). I, C I3.

And since 7 . = wp mod Iy, we get

univ

Lemma 3.5.9 ([Weil0O|[Lemma 2.8.3]). 7p,

univ

= 7r mod I3
Here comes a lemma describing A,,/I; for finite n:

Lemma 3.5.10 ([Weil0|[Lemma 2.8.4]). There is an isomorphism of affine k-
schemes Spec A, /I; — F[z"1]".

Proof. For a Noetherian k-algebra R (with discete topology) Hom(A, /I, R) is
the set of isomorphism classes of deformations F' of r together with a Drinfeld
basis x1,...,x, for F[n"](R), such that F' is x-isomorphic to F' and such that

7" a7 ey, are all 0.

Thus Hom(A,, /I, R) is the set of Drinfeld bases z1, ...,z for F[7"](R) satisfying
7" 1x; = 0. Now, any h-tuple (x1,...,x;) of elements of F[x" !|(R) is a Drinfeld
basis for F[7"](R): indeed, by Remark this claim is equivalent to (0,...,0)
being a Drinfeld basis for F[r](R), which is equivalent to 77" dividing m4(T),
which is true. n

Now we turn to B = (’)K[[Xll/qoo, o ,X,i/qw]]@oK[[Xuqoo]]Okw. For a complete
adic Og-algebra R with an ideal of defition containing 7 one has

Hom(B, R) = Hom(Ok[X}/"",.... X}/ |, R) X Hom(0g [xV/e].5) Hom(Og_, R)

((uy,...,up), (t1,t2,...))  t, is a Drinfeld basis for A"F[x"](R)
{ € UC(F)"(R) x T(A"F)(R) ~ and A(uy,...,up) = (t1,t2,...) }

I

2

{u € UC(Fyr(R). Mw) lies in T(A"F)(R) and ¥n its n-th }

component is a Drinfeld level 7™ basis
Au) = (M), A(w)®,...) lies in T(A"F)(R) }

— h .
B {u € UC(F)'(R): and A(u)®) is a Drinfeld basis for A" F[r](R)

From the proof of Claim it follows that the morphism
Ox[X)",. . X/ A

corresponds to the h-tuple Z = (Zy,...,Z;) € UC(F)*(A). Therefore ¢ €
Hom(B, A) can be identified with Z. Furthermore, to the identity morphism in
Hom(B, B) there correspond universal Y; = (Y, v,?) ..} € UC(F)(B), for
ie{l,....h}.

Let J C B be the ideal generated by Yl(l), e ,Yh(l) and 7. This ideal is clearly
topologically nilpotent. Moreover:

Lemma 3.5.11 ([Weil0O|[Lemma 2.8.6]). J is an open ideal of B and ¢ descends
to an isomorphism B/J — A/I.
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Proof. We have the formula

Y(l) — lim 7'{'? (a—m—l(Xl/q77L+l>> ’

(2 K3
m—0o0

which becomes, modulo T,
Y-(l) = Uil(X-l/q).

3 7

1

Since u~ " is an invertible power series, we get

J=(m X\, X,

Since B has the (7, X7, ..., X} )-adic topology, it follows that J is open.
Now, let R be a complete adic Ok-algebra with 7R = 0. Then Hom(B/J, R) is
identified with

w = (0,u?,u®, . ) Vie{1,...,n} and

(u,...,u,) € UC(F)"(R): A(u) lies in T(A"F)(R) and Vn its n-th
component is a Drinfeld level 7" basis

For any u € UC(F)"(R) with ugl) for all 7, one has
Aw)® =MW, u) =0,

Since 7R = 0, this is automatically a Drinfeld basis, because T divides 7,z (T).
Therefore,

Hom(B/J,R) = {(ul, . wp) € UC(EYY(R): ul = 0 for all z}

= {(ul, ) € T(F)Y(R): ugl) =0 for all z} :

Let us consider the morphism Hom(A, R) — Hom(B, R) C UC(F)"(R) now. It
sends a morphism f: A — R to the h-tuple

= (1 (2). (27 )L, = (0 () ), = 10

(n)

where the equality is because Xi(n) = mod 7 for every n and every ¢. By

Lemma [3.5.10, we have an isomorphism

Hom(A/I,, R) = lim Hom(A, /I, R) = {(ul, ) € T(FY(R): u' = 0 for all z} ,

n>1

f= f(X),

(The first isomorphism follows from A/} = (%ﬂw Ap)/ (= hﬂn A, /1), which is
true because I is finitely generated, see [Sta22, Tag 05GG| again.)

Therefore, the composition Hom(A/I;, R) — Hom(A, R) — Hom(B, R) maps
Hom(A/I;, R) isomorphically into Hom(B/J, R). We conclude by the Yoneda
lemma (considering everything in the category of complete adic k-algebras). W

Lemma 3.5.12 ([Weil(O|[Lemma 2.8.7]). ¢(J)A is dense in I;.
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Proof. For all i and n, we have

p(V,") = 2" = lim mp(x{"*"),

(3
m—ro0

by equation where the convergence is w-adic (and thus Iy-adic). Therefore, for
m large enough
@(Y(l)) = w}”_l(XZ-(m)) mod I7.

7

By Lemma [3.5.9|it follows that
xY=nr i 1(X(m)) = ﬂ?_l(X.(m)) = @(Y.(l)) mod 7.

? uan 1 ?

Thus X" € o(J)A + I2. Since the X" generate I, we get I, C o(J)A + I2,
whence by iteration I} C ¢(J)A+ I for every N. Since A is I1-adically complete,
the result follows. ]

Let A denote A/m and I the image of I; in A. Similarly, let B = B/ with
J C B the image of J. Keep writing ¢ for the induced morphism B — A.
Since the g-Frobenius is surjective on B, it follows from the previous lemma that
it is also surjective on A/I. With some more work, it follows that:

Lemma 3.5.13 ([WeilO][Lemma 2.8.8]). The q-Frobenius on A has dense image.

Proof. By induction on n > 1 we prove that A = A+71" and that T_:_(Zq(ﬁ) +1".
The case n = 1 follows from the g-Frobenius being surjective on A/I.
Suppose both statements hold for some n > 1. By the last lemma ¢(J)A is dense

inz and _thus_T = p(J)A+ i Using the surjectivity of Frobenius on B, we get
o(J) € A”NT and we see

So we obtain the second statement for n + 1: I=A"NT) + 7 Plugging this
inin A = A" + T gives us the first statement for n + 1. |

Let us introduce some more notation. We let 7% denote the ideal of A gen-
"]

erated by the ¢™-th powers of elements of I. Since I is finitely generated, I 74

contains TV for N large enough. Therefore, the 7 for n > 0 define the topology
on A. This notation and insight aid the proof of the following lemma:

Lemma 3.5.14 ([Weil0|[Lemma 2.8.9)). The q-Frobenius is surjective on A.

Proof. Let a € A. By the previous lemma there is a b € A such that a — b7 € 7.
That is, for some f; € I and a; € A we can write

a=0b+Y aff

For these a; we can similarly find b; such that a; — b} € T[q} and we can find a;;
and f;; € I such that a; = bl + Z a;; . We can substitute this for the a; in the
above equation and going on, we ﬁnd 1n the limit that a is the g-th power of an
element in A. [ |
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Now, if @ € A, we know by Lemma [3.5.11| that there are by G_E and ag € T
such that a = gp@o) + ag. Using the surjectivity of Frobenius on A, we can again
find b; and a; € I such that

a = @(bo) + ¢(b1)? + af.

We necessarily have ¢(b;)? € I and thus b¢ € J by Lemma [3.5.11] By surjectivity
of Frobenius, we can similarly write a; = ¢(by)? + a3. Going on like this, we can
write

a = p(bo) + (b1)? + @(ba)” + -+ .
Since every b; is in J, the sum converges before applying ¢, that is:
a=p(by+b? 4L 4--).
Therefore:

Lemma 3.5.15 (|Weil0][Lemma 2.8.10]). The induced morphism ¢: B — A is
surjective.

As mentioned before, the I,,-adic topologies on A are the same for every n. We
know give some more details:

Lemma 3.5.16 ([WeilO|[Lemma 2.8.11]). Let n > 1. As ideals in A, we have
LA, c I8 ¢ [ gpg 1hd Y .
Proof. The last claim follows from Lemma/|3.5.10, Indeed, A, /I represents F[x"1]",

so is isomorphic to

kX1, ... X5/ <7r%_1(X1), . ,w%‘l(Xh)) .

Since 7" 'F(X) = X @7V 4. it folllows that every element in the maximal

ideal of this ring becomes 0 when raised to the power ¢"~Y. Since I,, has h
generators, this means that [ﬁqh(n_l) C I, which is the last claim.

For the first one, we note that I,, has generators X 1(") . ¢ }(L") and that by Lemma
09.0.9

e = (e (X)) = e (il (X)) = ) mod 14,

Since the ﬂl_”(Xi(l)) generate the ideal (Xl(l), . ,X,(ll)) = [; it follows that
LA, C I 4 24,
[terating this containment yields

LIy va,

n

for all N. The results follows as IV C 19" for N> 0, ]

At this point Weinstein needs a rather technical result from commutative al-
gebra, about regular local rings with characteristic p residue field. The proof is
just less than half a page and might be due to Weinstein himself, but we will not
present it here.

78



Lemma 3.5.17 ([WeilO][Lemma 2.8.12]). Let R be a regular local ring with maz-
imal ideal m whose residue field has characteristic p. Let Q) be a power of p
and let n € R be an element for which n% divides p in R. Suppose N > 1. If
29 € nR +mON+ then x € nR + mV T,

It allows him to prove

Lemma 3.5.18 ([Weil0O][Lemma 2.8.13]). For everyr > 1, A contains an element
n withn? A=A and for which f& € A implies f € 9. A for all f € A.

Proof. The morphisms induced by the determinant, from Corollary , Mz, —
M5, are the same as morphisms O, — A,. They are morphisms of Of-
algebras, and since the O — A, are injective so must the O, — A, be. There-
fore, A, contains a root 7, of w}, .(X)/m,1,(X), which is a degree ¢l Eisen-
stein polynomial up to a unit in Ox[X]. This root thus satisfies f),(q_l)qu A, =
7 A,. Therefore, we set 7, = n4~1.

Suppose now that f¢ € mA. Let N > 1 be arbitary. Let n > r and f, € A, such
that f — f, € IWN“A Then f&' € mA + IWNHA Recall that A is the I;-adic
completion A =lim A, Since I, is finitely generated and since A+ I ha'N+1 4
is an open ideal, it follows from [Sta22, Tag 05GG] that the inverse image of
A + MY A with respect to the completion A — A equals A + e NHLY,
Therefore, f4° € A+ I{z @NHL Y So, after possibly enlarging n, we may assume
that f7" € A, + 1"V A,.

By Lemma f& e nA, + Iqh(n_l)HN“. Then by Lemma fn €
n-Ap + ngh(n_l)NH. By Lemma , we then have f, € 7,4, + IV A and thus
f € n,A+ INA for arbitrary N. It follows that f lies in the closure of n,4. We
are done by the next lemma. [ |

Lemma 3.5.19. Let n € A,. Then nA is closed.

Proof. If nis 0 in A (or a unit of Ok, ), this is trivial. So suppose it is non-zero.
Let ¢ > 0 such that n ¢ ILA.
Let N > 1 and suppose nz € IV A. Choose a € A, for some n > r such that
x — % € IIVA. Then, after possibly enlarging n as in the proof of the preceding
lemma,

ni € INA, c [NV
Since A, is a regular local ring, its associated graded ring @;>o 1% /I:! is isomorphic
as a graded k-algebra to the polynomial ring over k (in dimA = h variables), see
[Sta22, Tag 00NO]. Since, by Lemma N I”“Ih(n , we see, using the
graded isomorphism with k:[Tl, ..., Ty) of the assomated graded ring, that

h(n—1)

ie [Nt C I}%_ZJAW

where we have used Lemma |3.5.16|for the inclusion again and where we write ||
for the floor function. We conclude that

N _
el A (3.19)

Therefore, if nxy,nxs, ... is a sequence in nA that has a limit in A, then this limit
is in nA: indeed, let N > 0, then there is an M such that for all 7,7 > M we
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L&

have n(x; — x;) € I;'A. Then by [3.19 we have z; — z; € [ _MA, which proves
the sequence x1, o, ... also converges, to x, say. Then necessarily lim,,_, nz, =
nx € nA. This proves closedness of nA. ]

Weinstein did not prove this claim (with n = 7,), just as the claim, which we
will soon see is necessary to finish, that 7B is closed in B. The author regrets that
he was not able to find a proof of this claim. In the above proof, we gratefully used
the regularity of A,, in order to prove that nA is closed. For B we can not do some-
thing like that, at least, not that we know of. It seems proving 7B is closed requires
some more knowledge of the morphism Ok [X/7™] — Ok [X)/",..., X}/ ] in-
duced by the determinant, but for this one needs to understand more details of
Hedeyatzadeh’s thesis [Hed10|. For this the author did not have time, unfortu-
nately. Therefore, we hope that the reader is able to give a proof of

Unproven claim 3.5.20. The ideal 7B is closed in B.

Let us now demonstrate how one can conclude from there.
Firstly, ¢: B — A is surjective: indeed, let a € A, and pick, by Lemma [3.5.15] a
by € B with ¢(by) + mag = a for some ag € A; we can do the same for ag, that is,
we can write ag = (by) 4+ may; continuing this process, we find

gp(bg+7rb1+7r262+---):a.

Now, let us turn to injectivity. Suppose ¢(b) = 0. Let N > 1. Since the ¢-
Frobenius is surjective on B/m, we can write b = ¢ mod 7B for some ¢ € B.
Then ¢(c)?" € A, so by Lemma ¢(c) € nyA. By Lemma , B/J =
A/I, whence ¢ € nyB + J, and therefore b € 7B + J?. This means b lies in the
closure of wB, which, by the unproven claim, equals 7B itself. So b € #B, but
then for d € B with 7d = b we too have p(d) = (] so d € 7B and thus b € 75,
and so on. Thus b = 0, which proves injectivity and finishes the proof, modulo the
unproven claim. “W”

9This follows from the fact that 7 is not a zero-divisor in A, which can be proved using that
7 is not a zero-divisor in lim Ap. (Use the third part of [Sta22| |Tag 0315] for example.)
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